
Graduate J. Math. 111 (2016), 138 – 149

A short review on boundary behavior
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Abstract

In this paper, we present in a complete and synthetic way the
modern classi�cation of boundaries of one dimensional di�u-
sion processes. This classi�cation is proved using the scale
function as well as the speed measure associated to a one di-
mensional di�usion process. In order to highlight the behavior
of a di�usion process, we follow a numerical approach with
graphical illustrations. To this end, di�erent schemes are used
to approximate the paths of a di�usion process such as the
Euler-Maruyama and Milstein algorithms which are used to
approximate the Wright-Fisher di�usion process near �exit",
�regular", �entrance" or �natural" boundaries (de�nitions in
the text). Finally, we o�er well-organized tables on the na-
ture of any boundary (closed or open) of a given sub-interval
of the state space, with appropriate conditions. We believe
that these contributions are very useful to better understand
the physical and natural meaning of boundary classi�cation.

MSC 2010. Primary 42A75; Secondary 94A20.

Introduction

Di�usion processes have numerous applications rang-
ing from physics and biology to the economy and social
sciences. They are used for approximating or model-
ing phenomena assumed to evolve randomly and con-
tinuously in time. During the last thirty years or so
di�usion models have been applied intensively in :

• Mathematical �nance for describing stock prices,
interest rates, etc.

• Mathematical Biology to approximate reproduc-
tion, genetic disease, etc. in several populations.

In this paper, we are interested in the study of the
boundary classi�cation of the linear di�usion process
(Xt)t≥0 of which dynamics are described by:

dXt = µ (Xt) dt+σ (Xt) dBt, X0 = x ∈ (xl, xr) (0.1)

where (Bt)t≥0 is a standard Brownian motion, µ(.)
and σ(.) are respectively the drift and the di�usion
coe�cient functions. We shall assume that the state
space I of (Xt)t≥0 is a �nite or in�nite interval with

endpoints −∞ ≤ a < b ≤ +∞ and assume also that
I = (xl, xr) is any subinterval of the state space I.
Besides, we assume that (Xt)t≥0 is adapted to a �ltra-
tion F = {Ft, t ≥ 0} satisfying the usual conditions.
Let us introduce:

Xa := lim sup
t→a

Xt and Xb := lim sup
t→b

Xt.

We will address the relevance of Feller's work on bound-
ary classi�cation of one-dimensional di�usion processes
following the stochastic di�erential equation (0.1), within
a general context of mathematics and biology. Feller
begins his work on boundary behavior of one-dimensional
di�usions in the paper [8] by studying a particular for-
ward equation. He shows that the nature of boundary
forces the stochastic di�erential equation to change its
character completely for some proposed condition in
such a way that the boundary 0 is exit, regular or en-
trance. In the case where the di�usion process takes
non-negative values Feller develops [7] motivated by
application in biology. [9] provides a review of Feller's
boundaries classi�cation results for Brownian motion
in ]0,∞[. Sixteen years later, [13] propose a table
which presents some comparison between the Amer-
ican and Russian boundaries classi�cations, and they
illustrate this table by some models in biology and
�nance by studying the appropriate boundaries condi-
tion.

From the theoretical point of view, same assump-
tions on the structure of the di�usion coe�cient or the
drift serve as a physical interpretation for the behavior
of di�usive trajectories near the boundaries. The pur-
pose of the present paper is to give a complete clas-
si�cation of boundary types and boundary behavior
of one-dimensional di�usion processes. Furthermore
we illustrate graphically all types of boundaries (e.g
Brownian motion, Wright-Fisher di�usion process and
geometric Brownian motion) by providing an example,
and we will give all possible state space boundary form
with appropriate conditions.

The outline of the paper is as follows:
In section 1 we give an overview on di�usion pro-

cesses. We introduce in subsection 1.1 some notions on
di�usion process, present a solution of the SDE (0.1)
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1 Generalities on di�usion processes 139

and make some hypothesis to ensure the existence of
a unique solution to (0.1). Subsection (1.2) addresses
the case when SDEs do not have explicit solutions. We
de�ne some schemes which approximate the SDE such
as Euler-Maruyama and Milistein ones and we inter-
pret these schemes numerically, graphically and math-
ematically when the SDE has an explicit solution (e.g
Geometric Brownian Motion). Finally, in Subsection
1.3, we introduce the meaning of spread density and
scale function to characterize each di�usion process.

In section 2, we proceed graphically to show the
behavior of a di�usion process near the boundaries of
the state space. Moreover, we know that the drift and
volatility functions of the di�usion process are de�ned
on the state space I, but numerically the di�usion can
get outside from the state space, which leads to a jump
at the boundary explained by the asymptotic behav-
ior of speed and measure function at the endpoints of
the state space. But since the di�usion process is a
Markov one with continuous paths, the only possible
further behavior after reaching the boundary, is ab-
sorption. The question which arises now is: when are
the boundaries attainable or attracting? Subsection
2.1 is an attempt to answer the question. This is fol-
lowed by subsection 2.2 in which we recall all types of
modern boundary behavior (e.g Wright-Fisher bound-
ary behavior) using and shedding light on some prob-
abilistic signi�cance of the objects S, Σ, M and N.

In section 3, we give all possible initializing state
space, where the random variable X0 lives in the state
I ⊆ I with left boundary xl and right one xr us-
ing some measure which characterize the speed of the
di�usion process outside and inside the state space.
Thereafter, we study the boundary behavior of the
di�usion process, starting in one of the following in-
tervals [xl, xr], [xl, xr[, ]xl, xr] and ]xl, xr[, which are
presented on di�erent tables with appropriate condi-
tions.

1 Generalities on di�usion processes

In this section, we present the model, the basic as-
sumptions, and we introduce notation that will be used
throughout the paper. Several graphical illustrations
of stochastic di�usion processes are included.

1.1 Model, assumptions and notation

In the sequel, we suppose that the process X is a time-
homogeneous linear di�usion with dynamics (0.1). If
killing is allowed at some time ζ, then the dynamics in
(0.1) are valid for 0 ≤ t < ζ. The process X can only
be killed at the endpoint of I which belong to I.

Introduction, existence and uniqueness result The
di�usion processes are intensively used nowadays for
modeling many phenomena. From the mathematical
point of view there exist continuous Markov processes
satisfying the SDE (0.1), where the drift coe�cient

µ(x) will have the interpretation:

µ(x) := lim
h↓0

1

h
Ex [Xh − x] , (1.1)

and the di�usion coe�cient σ(x) satis�es :

σ2(x) := lim
h↓0

1

h
Ex
[
(Xh − x)

2
]
, (1.2)

where Ex denote the conditional expectation such that
X0 = x ∈ I ⊆ I. There are several approaches in seek-
ing the solution of a stochastic di�erential equation.

Uniqueness of Itô solution for the SDE (0.1). We
elaborate a number of conditions guaranteeing exis-
tence and uniqueness for solutions of the stochastic
di�erential equation. We shall work under the follow-
ing condition :
Growth Condition: There exists a positive constant
K independent of x ∈ (−∞,∞) such that

µ2(x) + σ2(x) ≤ K2(1 + x2), x ∈ (−∞,∞). (1.3)

Global Lipschitz Conditions: There exists a con-
stant K > 0 independent of x ∈ (−∞,∞) and y ∈
(−∞,∞) such that

|µ(x)− µ(y)|+ |σ(x)− σ(y)| ≤ K |x− y| . (1.4)

De�nition 1. A strong solutionX of the stochastic dif-
ferential equation (0.1) is a stochastic process (Xt)t≥0

satisfying:

(A) X is adapted to the natural �ltration of Brown-
ian motion.

(B) X is a continuous process.

(C) P(X0 = x) = 1; for all x ∈ I.

(D) P
(∫ t

0
µ(Xs) + σ2(Xs)ds <∞

)
= 1 holds for all

t ≥ 0.

(E) With probability one we have

Xt = X0 +

∫ t

0

µ (Xs) ds+

∫ t

0

σ (Xs) dBs, (1.5)

We then have the following:

Theorem 1.1. (Theorem 2.5., [12])
Suppose that the coe�cients µ(.) and σ(.) are locally
Lipschitz continuous in the space variable; i.e., for ev-
ery integer n ≥ 1 there exist a constant Kn > 0 such
that for every |x| < n and |y| < n

|µ(x)− µ(y)|+ |σ(x)− σ(y)| ≤ Kn |x− y| .

Then strong uniqueness hold for equation (1.5).

Remark 1.2. It is worth noting that even for ordinary
di�erential equations, a local Lipschitz condition is not
su�cient to guarantee global existence of a solution.
For example, the unique (due to Theorem 2.5) solution
to the equation :

Xt = 1 +

∫ t

0

X2
sds

is Xt = 1
1−t which "exploses" as t ↑ 1.
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We thus impose stronger conditions in order to ob-
tain an existence result.

Theorem 1.3. (Theorem 2.9., [12])
Suppose that the coe�cients µ(.) and σ(.) satis�es the
global Lipschitz and linear growth conditions respec-
tively de�ned by Equation (1.3) and (1.4), let ξ be a
random variable, independent of the Brownian motion
(Bt)t≥0 and with �nite second moment. Then there ex-
ists a continuous, adapted process {Xt, Ft 0 ≤ t <∞}
which is a strong solution of Equation (1.5) relative to
(Bt)t≥0, with initial value ξ, more precisely this pro-
cess is square-integrable : for every T > 0, there exists
a constant C > 0 depending only on K and T , such
that :

E
[
|Xt|2

]
≤ C

(
1 + E

[
|ξ|2
])
eCt; 0 ≤ t ≤ T

1.2 Preliminary comments on
approximation

Many systems of SDEs do not have a (known) analytic
solution, so it is necessary to solve these systems nu-
merically. To develop an approximate solution on the
interval [0, T ], let assign a grid of points

0 ≡ tn0
< tn1

< . . . < tn−1 < tn ≡ T

with step length ∆ = tk − tk−1 = T
n , we compute the

approximate solution as follows:

Euler-Maruyama approximation The Euler-Maruyama
method (Maruyama, 1955) is the analogue of the Euler
method for ordinary di�erential equations, it is de�ned
by the following recursion:

X̂n
t0 = X0,

X̂n
tk

= X̂n
tk−1

+ µ
(
X̂n
tk−1

) T
n

+ σ
(
X̂n
tk−1

)√T

n
ξk,

X̂n
t = X̂n

tk−1
t ∈ [tk−1, tk[, k = 1, . . . , n,

where (ξk)k≥1 is i.i.d. sequence of (0,1)-Gaussian ran-
dom variables. The following algorithm can be used to
simulate a trajectory of the process X using the Euler
algorithm instead of the simulation of the stochastic
process:

input X0, T > 0, n
X̂[1] = X0

for k from 1 to n− 1
generate ξ ∼ N (0, 1)

set X̂[k + 1] = X̂[k] + µ(X̂[k])Tn + σ(X̂[k])
√

T
n ξ

end for

return: X̂[1], X̂[2], . . . , X̂[n]

The Matlab code of Euler-Maruyama is given as
follows for particular choice of the di�usion coe�cients
functions µ(.) and σ(.) de�ned on the state space I.

clear all;
clc
% dXt = mu(X_t)dt + sigma(X_t)dBt for t in [0,T]$

T=200;
m = 1; %number of path to simulate

N =1000; % number of sub -intervals of [0,T]

Delta_t = T/N; % the mesh

Z = normrnd(0,1,N,m);
x0=2; %The initial value

B = zeros(N+1,m); %initialization of brownian motion

times = zeros(N,1); %initialization of times

wX=x0*ones(N,m); %initial vector

for n = 1 : N-1
B(n+1,:) = B(n,:) + sqrt(Delta_t )*Z(n,:);
wX(n+1,:)=wX(n,:)+ mu(wX(n,:))* Delta_t ...
+sigma(wX(n ,:)).*(B(n+1,:) - B(n ,:));
times(n+1,1) = times(n,1) + Delta_t;
end

As example, we take the case of Geometric Brow-
nian Motion (GBM) more over (Xt)t≥0 satisfy the fol-
lowing SDE

dXt = µXtdt+ σXtdBt (1.6)

which admitting an explicit solution

Xt = Xs exp

{
(µ− 1

2
σ2)(t− s) + (Bt −Bs)

}
for all t > s and for all given constants µ, σ > 0.

Graphically Figure (1) compares the approxima-
tion path of Geometric motion using the Euler Maruyama
scheme, with its explicit solution.

Fig. 1: Euler Maruyama Scheme for numerical ap-
proximation of Geometric Brownian Motion,
with it's explicit solution.

To study the convergence of numerical schemes, Let
X

(∆)
tn be an approximation of Xtn for a solution Xt

of SDE (0.1), and let ∆ = T
n . In the literature one

mainly considers average error criteria
Strong approximation of order γ

sup
k=1...n

E(| Xtk −X
(∆)
tk
|) ≤ KT∆γ , (1.7)

Weak approximation of order β

| E(g(XT ))− E(g(X
(∆)
tn )) |≤ Kg,T∆β , (1.8)

for smooth test functions g(.) : R→ R
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Theorem 1.4. (see [14]) Let assume that the drift and
di�usion coe�tion satisfy (1.3) and (1.4), and let us
assume also E[X2

0 ] < ∞. Then the Euler Maruyama
Scheme with appriximation X̂n

tn of Xtn for a solution
Xt of SDE (0.1) converges strongly with order γ = 1

2
and weakly with order β = 1.

Milstein approximation The Milstein method is a
generalization of the Euler-Maruyama one. The Mil-
stein method approximates the derivative of the func-
tion σ(Xt) in order to reduce the error to just ∆. It is
similar to the Euler-Maruyama except in the compu-
tation of X̂n

tn above. Instead we compute X̄n
tn as:

X̄n
t0 = X0,

X̄n
tk

= X̄n
tk−1

+ µ
(
X̄n
tk−1

) T
n

+ σ
(
X̄n
tk−1

)√T

n
ξk

+
1

2
σ(X̄n

tk−1
)σ′(X̄n

tk−1
)((ξk)2 − tk−1),

X̄n
t = X̄n

tk−1
t ∈ [tk−1, tk[, k = 1, . . . , n.

To simulate a trajectory of the process X solution of
(0.1) using the Milistein algorithm instead of the sim-
ulation of the stochastic process, we use the following
algorithm:

input X0, T > 0, n > 0
X̄[1] = X0

for k = 1 to n− 1
generate ξ ∼ N(0, 1)

set X̄[k + 1] = X̄[k] + µ(X̄[k])h + σ(X̄[k])
√

T
n ξ +

1/2σ(X̄[k])σ′(X̄[k])((
√

T
n ξ)

2 − T
n )

end for

return: X̄[1], X̄[2], . . . , X̄[n]

The Matlab code is given as follows, for a particular
choice of the di�usion coe�cients µ(.) and σ(.):
clear all;
clc
% dXt = mu(X_t)dt + sigma(X_t)dBt for t in [0,T]$

T=1;
m = 1; %number of path to simulate

N =1000; % number of sub -intervals of [0,T]

Delta_t = T/N; % the mesh

Z = normrnd(0,1,N,m);
x0=2; %The initial value

B = zeros(N+1,m); %initialization of brownian motion

times = zeros(m+1,1); %initialization of times

mX=x0*ones(N+1,m);
for n = 1 : N
B(n+1,:) = B(n,:) + sqrt(Delta_t )*Z(n,:);
DBn=B(n+1,:)-B(n,:);
mX(n+1,:)=mX(n,:)+ mu(mX(n,:))* Delta_t ...
+sigma(mX(n ,:)).* DBn ...
+0.5 sigma(mX(n,:))* sigmaâ��(mX(n,:))( DBn^2-Delta_t );
times(n+1,1) = times(n,1) + Delta_t;
end

We compare graphically the approximation path of
Geometric motion using the Milstein scheme, with its
explicit solution (see Figure (1)).

Theorem 1.5. Assume that the drift and di�usion
coe�tion satisfy (1.3) and (1.4). Assume also that
E[X2

0 ] < ∞. Then the Milstein scheme with apprix-
imation X̄n

tn of Xtn for a solution Xt of SDE (0.1)
converges strongly with order γ = 1 and weakly with
order β = 1.

Fig. 2: Milstein Scheme for numerical approximation
of Geometric Brownian Motion (GBM), with
it's explicit solution.

Proof. see [14]

1.3 Meaning of speed density and scale
function

Our aims in this section is to introduce and explain
the meaning of speed density and scale function, which
requires assumptions of nondegeneracy and local inte-
grability:

(ND) σ2(x) > 0 ∀x ∈ R,

(IC)

∫ x+ε

x−ε

1 + |µ(y)|
σ2(y)

dy <∞.

We begin with stopping theory which is frequently
used to generalize certain properties of stochastic pro-
cesses.

Hitting times of points and sets play a fundamen-
tal role in the study of one-dimensional di�usion pro-
cesses. Formally we de�ne the hitting time of the pro-
cess {Xt; 0 < t < ζ} to the level z by

τz =

{
∞ if Xt 6= z,∀ 0 < t < ζ
inf{t > 0;Xt = z} otherwise.

(1.9)
(See Figure (3))
Let a < l < r < b, so let us use the notation

τ∗ = τl,r = min{τl, τr} = τl ∧ τr

for the hitting time to l or r, the �rst time Xt = l or
Xt = r. For processes starting at X0 = x in (a, b), this
is the same as the exit time of the interval (a, b):

τa,b = inf{t > 0;Xt 6∈ (a, b)}, X0 = x in (a, b).

A one-dimensional di�usion process X with dynamics
(0.1) is called regular, if for any x ∈ int(I) and y ∈ I
we have Px(τy < +∞) > 0. We concentrate ourselves
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Fig. 3: Typical paths depicting �rst hitting times.

on the resolution of the following two problems for all
l < x < r.

Problem 1

u(x) = Px [τl < τr] . (1.10)

Find the probability that the process reaches l before
r given that X0 = x.

Problem 2

v(x) = Ex [τ∗] . (1.11)

Find the mean time taken by the process to reach l or
r given that X0 = x
Using the same meaning as [13], we �nd that these
functions (1.10) and (1.11) satis�es respectively the
following ordinary di�erential Equations:

Equation 1

µ(x)
du

dx
+

1

2

d2u

dx2
= 0 l < x < r, u(l) = 1, u(r) = 0.

Equation 2

µ(x)
dv

dx
+

1

2

d2v

dx2
= −1 l < x < r, v(l) = v(r) = 0.

Following [13] the explicit solution to these ordi-
nary di�erential equations (1.10) and (1.11) are re-
spectively given by:

Solution 1

u(x) =
S(x)− S(l)

S(r)− S(l)
for l < x < r.

Under Assumptions (ND) and (IC), S(x) is a scale
function with explicit expression:

S(x) =
∫ x
c
s(y)dy, s(y) = exp

{
−
∫ y
c

2µ(z)
σ2(z)dz

}
. (1.12)

Solution 2

v(x) = 2

{
u(x)

∫ r

x

[S(r)− S(y)]m(y)dy

+(1− u(x))

∫ x

l

[S(x)− S(l)]m(y)dy

}
for l < x < r, wherem(x) = 1

σ2(x)s(x) is the speed den-
sity.

2 Boundary classi�cation of di�usion
process

In this section, we are interested in studying the bound-
ary classi�cation of the regular linear di�usion process
(Xt)t≥0 de�ned by dynamics (0.1) living in state space
I with right boundary ”b” and the left ”a” such that
a < b.

To study the boundary classi�cation of a given one-
dimensional di�usion process, we de�ne the following
measures:

• The scale measure is the function S[J ] of closed
intervals J = [c, d] ⊂ (a, b) de�ned by:

S[J ] = S[c, d] = S(d)− S(c).

For a < c < d < b, we have 0 < S[c, d] <∞, and

S[c, d] = S[c, x] + S[x, d], (2.1)

for a < c < x < d < b,

which measures the time the di�usion pro-

cess takes to reach d before c

• The speed measure M is induced by the speed

density m(x) =
1

σ2(x)s(x)
, where

M[J ] = M[c, d] =

∫ d

c

m(x)dx J = [c, d] ⊂ (a, b).

M[J ] is positive and �nite for J = [c, d] ⊂ (a, b).
Then we can de�ne

M(a, r] = lim
l↓a

M[l, r] ≤ ∞, a < r < b, (2.2)

which measures the speed of the di�usion

process near to a.

• Now we assume that S(a, x] < ∞ for all x in
(a, b). Then we can de�ne

Σ(a, x] = lim
l↓a

∫ x

l

S[l, y]dM(y)

=

∫ x

a

S[a, y]dM(y)

=

∫ x

a

(∫ y

a

s(z)dz

)
m(y)dy

=

∫ x

a

(∫ x

z

m(y)dy

)
s(z)dz

=

∫ x

a

M[z, x]dS(z), (2.3)
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which measures the time the di�usion pro-

cess takes to reach the boundary ”a” from

an interior point x of the state space.

• Now we de�ne the following measure of time:

N(a, x] =

∫ x

a

S[y, x]dM(y)

=

∫ x

a

M(a, y]dS(y), (2.4)

which measures the time the di�usion pro-

cess takes to reach an interior point x from
(a, b) starting at the boundary ”a”.

2.1 Classical boundary classi�cation

In this paragraph we make a short review on classical
classi�cations of possible behavior near to the bound-
aries ”a” and ”b”. We take care of the left boundary
”a”, the right being entirely similar.

Attracting Boundary It follows from the non-negativity
of the measure S and (1.12) that S[l, r] is decreas-
ing in l for �xed r and that therefore we may de�ne
S(a, r] ≤ ∞ by:

S(a, r] = lim
l↓a

S[l, r] ≤ ∞, a < r < b. (2.5)

which characterizes the attractiveness or repulsiveness
of the left boundary. If [l, r] ⊂ (a, b), then we get
0 ≤ S[l, r] <∞ and we have

S(a, r] = ∞ for some r ∈ (a, b)

If and only if S(a, r] =∞ for all r ∈ (a, b).

After de�ning properties of the scale function, which
requires the following lemma.

Lemma 2.1.

• Suppose S(a, r] <∞, for any r ∈ (a, b). Then

Px(τa < τr) > 0 for all a < x < r < b.

• Suppose S(a, r] =∞, for any r ∈ (a, b). Then

Px(τa < τr) = 0 for all a < x < r < b.

Proof. We have

Px(τa < τr) = lim
l↓a

S(r)− S(x)

S(r)− S(l)

Since the scale function is increasing, it follows that
S(r) − S(x) > 0 and we obtain the same result for
lim
l↓a

S[l, r] > 0 which completes the proof of the �rst

point.
Now since S(r)− S(x) <∞ for all a < x < r < b and
lim
l↓a

S[l, r] =∞, it follows that

Px(τa < τr) = lim
l↓a

S(r)− S(x)

S(r)− S(l)
= 0.

In view of Lemma (2.1), we have the following def-
inition :

De�nition 2. The left boundary ”a” is attracting if
S(a, x] < ∞ and this criterion applies independently
of x in (a, b).

Example 2.2. Let us consider a Brownian motion
with negative drift dXt = µdt + σdBt where µ <
0. Then S[a, x] = e−2µx − e−2µa → e−2µx < ∞ as
a→ −∞, thus the boundary l = −∞ is an attracting
boundary. (see Figure(4)).

Fig. 4: Brownian motion with negative drift, the
boundary l = −∞ is attracting

Atainablte Boundary Note that a boundary ”a” is
attainable when the process (Xt)t≥0 may reach ”a”
almost surely in �nite time, if we start the process
from interior point x of the state space.

Lemma 2.3. Let a < x < r < b. and assume that ”a”
is an attracting boundary. Then we get the following
equivalence :

(i) Px(τa <∞) > 0

(ii) Ex[τa ∧ τr] <∞

(iii) Σ(a, r] < +∞

Proof. Let us prove that (ii)⇔ (iii).
We have for l < x < r

Ex[τl ∧ τr] = 2

{
u(x)

∫ r

x

[S(r)− S(y)]m(y)dy

+ (1− u(x))

∫ x

l

[S(x)− S(l)]m(y)dy

}
= 2 {u(x)Σ[x, r) + (1− u(x))Σ(l, x]} .

Since ”a” is an attracting boundary lim
l↓a

Px(τr < τl) <

∞, we get then the following equivalence :

lim
l↓a

Ex[τl ∧ τr] <∞ ⇔ lim
l↓a

Σ[l, x].

Let us now prove that (ii)⇔ (i).
(ii)⇒ (i).
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Assume �rst that Ex[τa ∧ τr] < ∞. Then, τa ∧ τr <
∞ a.s. By Lemma (2.1) as ”a” is atractive, we have
Px(τa < τr) > 0, therefore

Px(τa <∞) ≥ Px(τa < τr) > 0.

(ii)⇐ (i).
Suppose now that Px(τa <∞) > 0. Then there exists
t > 0 for which Px(τa ≤ t) = α > 0. We can use
following property for all y ∈ (a, x]

Py(τa ≤ t) ≥ Px(τa ≤ t) = α > 0.

Moreover, we get

α ≤ Py(τa ≤ t) ≤ Py(τa ∧ τx ≤ t)

It follows that

sup
y∈(a,x]

Py(τa ∧ τx > t) ≤ 1− α < 1

Using the strong Markov propriety, we get for all n ≥ 1

Px(τa ∧ τx > nt) ≤ sup
y∈(a,x]

Py(τa ∧ τx > nt) ≤ (1−α)n.

Then we derive Ex[τa ∧ τr] < 1
α <∞.

But since (ii) ⇔ (iii) we obtain therefore the equiv-
alance (i)⇔ (iii).

For details on computations at this step, the reader
can consult the paper [1]

In view of Lemma (2.3), we have the following def-
inition.

De�nition 3.

i) The boundary ”a” is attainable if Σ(a, x] <∞, for
all x ∈ (a, b)

ii) The boundary ”a” is unattainable if Σ(a, x] =∞,
for all x ∈ (a, b)

We can show that S(a, x] <∞ whenever Σ(a, x] <
∞, and hence, if ”a” is attainable, then ”a” is attract-
ing. An unattainable boundary may or may not be
attracting.

Example 2.4. The key example of interest to us in
this paper is the CIR model with SDE

drt = −rt dt+
√

2rt dBt.

We can prove that S(x) = ex − 1, m(x) = 1
2xex and

s(x) = ex. It follows that S(0, x] = 1 − ex < ∞, then
0 is attracting boundary. Moreover,

Σ(0, x] = lim
l↓0

el − 1

2yel
= 1 < ∞, thus 0 is attainable

boundary. (see Figure(5)).

Fig. 5: Cox-Ingersoll-Ross model, the boundary l = 0
is attracting and attainable

2.2 Modern boundary classi�cation

Following [13], the boundary classi�cation are described
as follow :

1. Regular boundary: the process can either reach
the boundary from an interior point, or reach an
interior point from the boundary.
Moreover ”a” is an regular boundary if and only
if S(a, x] < ∞, M(a, x] < ∞, Σ(a, x] < ∞, and
N(a, x] <∞.

2. Exit boundary: the process can reach the bound-
ary from an interior point, but cannot reach an
interior point from the boundary.
Moreover ”a” is an exit boundary if and only if
S(a, x] < ∞, M(a, x] = ∞, Σ(a, x] < ∞, and
N(a, x] =∞.

3. Entrance boundary: the process can reach an in-
terior point from the boundary, but cannot reach
the boundary from an interior point.
Moreover ”a” is an Entrance boundary if and
only if S(a, x] = ∞, M(a, x] < ∞, Σ(a, x] = ∞,
and N(a, x] <∞.

4. Natural boundary: the process cannot reach the
boundary from an interior point, nor can it reach
an interior point from the boundary.
Moreover ”a” is a natural boundary if and only
if Σ(a, x] =∞ and N(a, x] =∞.

For more interpretation, table (1) lists the 6 possible
combinations of assignments of �nite or in�nite val-
ues to the four quantities S(a, x], Σ(a, x], N(a, x], and
M(a, x], and labeled di�erently by di�erent authors.
William Feller introduced the original classi�cation,
adhered to by most American probabilists. The Rus-
sian school uses a slightly di�erent formalization. Both
groupings have their merits and are now juxtaposed.

Numerical representation of regular, Natural, en-

trance and exit boundary The Wright-Fisher family
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Tab. 1: The terminology of Feller and Russian boundary classi�cation schemes (see [13], Table 6.2)
Criteria Terminologies

S(a, x] M(a, x] Σ(a, x] N(a, x] Feller Gikhman and Skorokhod
<∞ <∞ <∞ <∞ regular
<∞ =∞ <∞ =∞ exit absorbing attracting attainable
<∞ =∞ =∞ =∞ natural attracting-unattainable
=∞ <∞ =∞ =∞ Σ(a, x] =∞ natural
=∞ =∞ =∞ =∞ N(a, x] =∞ (S(a, x] =∞) no-attracting unattainable
=∞ <∞ =∞ <∞ Entrance

of di�usion processes is a class of evolutionary mod-
els widely used in population genetics, with applica-
tions also in �nance and Bayesian statistics. Simula-
tion and inference from these di�usions is therefore of
widespread interest. However, simulating a Wright-
Fisher di�usion is di�cult because the process can
comes out from the domain of de�nition cause to Gaus-
sian Perturbation.
In this part, we develop a new �gure where the process
jumps at its boundaries or starting from an exterior
point of state space (e.g. Exit and Entrance bound-
aries)
Let a Wright-Fisher di�usion process with dynamic :

dXt = µ(Xt)dt+
√
Xt(1−Xt)dBt, X0 = x0, t ∈ [0, T ].

(2.6)
The drift coe�cient, µ : [0, 1] → R, can encompass
a variety of evolutionary forces. For example, µ(x) =
1
2 [θ1(1− x)− θ2x] where θ1 and θ2 are the coe�cients
mutations between the two alleles. Follwing [13] we
get

0

 is an exit boundary for θ1 = 0
is a regular boundary for 0 < θ1 <

1
2

is an entrance boundary for θ1 ≥ 1
2

1

 is an exit boundary for θ2 = 0
is a regular boundary for 0 < θ2 <

1
2

is an entrance boundary for θ2 ≥ 1
2

Not that :
The only accessible boundary points are of two di�er-
ent types:

• The exit boundary: the process may be ab-
sorbed after reaching boundary since it comes
out from the state space. But to understand
the physical meaning of Exit boundaries, we con-
tinue simulation of wright-�sher model after reach-
ing the boundaries.

• The regular boundary: in this case the pro-
cess lives in the state space and can not exit its
boundaries.

The only inaccessible boundary points are of two dif-
ferent types:

• The natural boundary: the process can not
reach the boundaries in �nite times.

• The entrance boundary: the process cannot
reach the entrance boundaries from the interior
of state space but the only possible case is to
start the Wright-Fisher model from out side of
state space to better understand the physical
meaning of Entrance boundaries.

To better understand the physical meaning of regular,
entrance, exit and natural boundary, we clarify how we
can continue the simulation of Wright-Fisher di�usion
process. In spite of the inequality Xt(1−Xt) < 0 when
X reaches 0 and becomes strictly negative and so the
square root is no longer de�ned. Then, how we can
continue the simulation of the Wright-Fisher process?
The simple idea is to �nd the primitive of

1√
x(1− x)

We can prove easily the fact that∫
1√

x(1− x)
dx = 2 arcsin

(√
x
)

+ constant,

Using the change of variable y =
√
x. By applying Ito's

Lemma for f(x) = 2 arcsin (
√
x) we get

d
(
f(x)

)
dx

=
1√

x(1− x)
,

d2
(
f(x)

)
dx2

=
2x− 1

2(x(1− x))
3
2

.

Substituting the expression for Yt = 2 arcsin
(√
Xt

)
,

we get

dYt = f ′(Xt)dXt +
1

2
Xt(1−Xt)f”(Xt)dt

= dBt +
2Xt − 1

4
√
Xt(1−Xt)

dt.

We have Yt = 2 arcsin
(√
Xt

)
soXt = sin2

(
Yt

2

)
. There-

fore

dYt = dBt +
2 sin2

(
Yt

2

)
− 1

4
√

sin2
(
Yt

2

)
cos2

(
Yt

2

)dt
= − cos(Yt)

2 |sin(Yt)|
dt+ dBt

= −1

2
signe(sin(Yt)) cot(Yt)dt+ dBt
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Hence, we can �rst simulate the Wright-Fisher di�u-
sion process. Next we simulate the new process Yt
using

Exit Boundary

Fig. 6: Wright-Fisher model, θ=0, θ2 = 0 the bound-
ary l = 0 and r = 1 are Exit

Regular Boundary

Fig. 7: Wright-Fisher model, θ=0.25, θ2 = 0.25 the
boundary l = 0 and r = 1 are regular

3 All possible types of initializing state

We are now interested in the behavior of di�usion pro-
cess X of Equation (0.1) at the endpoint xl and xr of
I. By using the previous results, we can see that if
an endpoint is included in the state-space I, then the
boundary is either "regular or exit". Else if it is not
contained in I, then it is either "natural or entrance".
Moreover we assume that we will stop the process as
soon as it reaches one of the boundary. To cover all
possibilities of starting process interval I, moreover to
get results in full generality taken account of Feller

Entrance Boundary

Fig. 8: Wright-Fisher model, θ=0.5, θ2 = 0.5 the
boundary l = 0 and r = 1 are Entrance

boundary classi�cation, we will consider the following
four cases for the sub-interval I of the state space I :

Case1

 The boundaries xl = c and xr = d are
"regular" or "exit" :

I = [c, d], c < d with c, d∈ I.

 (3.1)

Case2


The boundary xr = b is
"regular" or "exit"

and the boundary xl = c is
"natural" or "entrance"
I = [c, b) where ∈ I.

 (3.2)
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Case3


The boundary xl = a is
"regular" or "exit"

and the boundary xr = d is
"natural" or "entrance" :
I = (a, d]where d ∈ I.

 (3.3)

(3.4)

Case4

 The boundaries xr = b and xl = a are
"natural" or "entrance" :

I = (a, b) = I.

 (3.5)

We are interested now in giving a general condition
that covers all cases of subinterval I ⊆ I given by
(3.1), (3.2), (3.3) and (3.5). The key condition is in
scale function ”S(.)”, speed measures ”M” and time
measures ”Σ” and ”N”. Tables (2), (3),(4) and (5)
summarize all possible combination of endpoints for
the subinterval I of the state space I.

Concluding remarks

Di�usion processes are very useful in mathematical
modeling apart from their intrinsic interest. We can
cite for example the famous Black-Scholes model used
in �nance and the Wright-Fisher di�usion process in-
tensively used in mathematical biology. But it seems
important to proceed graphically to study any bound-
ary behavior, since the nature boundaries has an in-
�uence on the resolution of several problems such as
standard optimal stopping [10] and multiple stopping
[11]. In this paper, we have focused on the mod-
ern classi�cation of possible behavior near the bound-
aries of any interval in which a linear di�usion process
(Xt)t≥0 di�uses. We have shed light on simulation of
a one-dimensional di�usion process using discretiza-
tion techniques and we have presented the simulation
algorithms of Euler-Maruyama and Milstein together
with several examples. When the di�usion coe�cients
are linear functions, we have proceeded by direct sim-
ulation of the explicit expression. In the last case, a
comparison between the three approaches is illustrated
numerically. For each possible kind of boundary, we
have provided an example of di�usion process with
graphical simulation of its behavior, especially at the
endpoints of the initialization sub-interval of the state
space. The contribution of the paper lies in the fol-
lowing points:

(i) We o�er well-organized tables on the nature of
a any boundary (closed or open) of a given sub-
interval of the state space, with appropriate con-
ditions. In this regard, we have compiled ta-
bles which cover all types of di�usion with suit-
able conditions (presented before the paragraph
"Numerical representation of regular, Natural,
entrance and exit boundary" of the Subsection

(2.2)). These results are scattered in the liter-
ature. Their gathering in tables facilitates the
readers understanding and quick access to the
concept of boundary classi�cation at the end of
the Subsection (2.2).

(ii) We provide for every possible type of boundary
classi�cation, several examples of di�usion with
computer simulations illustrated graphically. The
simulation code being compiled and presented
separately in Section (1).

In conclusion, we believe that these contributions can
only be useful to better understand the physical and
natural meaning of classi�cation boundary.

We have assumed that the di�usion process must
be stopped when it reaches the exit boundary to avoid
jump on exit boundary. By Feller boundary classi�-
cation, there is at least one case for which the scale
function is bounded when both boundaries are natu-
ral, take the example of a geometric Brownian motion
with dynamics

dXt = µXtdt+ σXtdBt,

on the state space is I = (0,+∞) and where both
lower and upper of boundaries are natural with 2µ >
σ2 (see Table (4)).

References

[1] M. Abundo. `On some properties of one-
dimensional di�usion processes on an inter-
val', Probability And mathematical Statistics,
17 (1997), (2): 235�268.

[2] C. Albanese and A. Kuznetsov. `Transfor-
mations of Markov Processes and Classi�-
cation Scheme for Solvable Driftless Di�u-
sions'. Markov Process And Releated Fileds,
15 (2009), (4): 563�573.

[3] S. Dayanik and I. Karatzas. `On the optimal
stopping problem for one-dimensional di�u-
sions', Stochastic Processes and their Appli-
cations, 107 (2003), (2): 342�351.

[4] E. B. Dynkin. `Markov Processes: Theorems
and Problems', Plenum Press, New York,
(1969).

[5] S. N. Ethier and M. F. Norman. `Error esti-
mate for the di�usion approximation of the
Wright�Fisher model', Proc Natl Acad Sci U
S A, 74 (1977), (11): 5096�5098.

[6] Etheridge, A. `Some mathematical models
from population genetics', Lecture Notes in
Math, p94, Springer, (2011).

[7] W. Feller. `Di�usion processes in genetic-
sâ��,in Neyman, J. (Ed.): Proc.Second
Berkeley Symposium Math. Statist. and Prob-
ability, (1951): 227�246, Univ. of California
Press, Berkeley, CA.



3 All possible types of initializing state 148

Tab. 2: All possible combination of endpoint for the interval [c, b) with appropriate conditions
[c,b) The boundary ”b” is natural The boundary ”b” is entrance

T
he

b
ou
nd

ar
y
c
is
ex
it

S[x, b) <∞ M(c, x] =∞
S bounded M[x, b) =∞ N(c, x] =∞

Σ(c, x] <∞ Σ(c, x] <∞ M(c, x] =∞ N(c, x] =∞
τc <∞ M(c, x] =∞ τc <∞ M[x, b) <∞ N[x, b) <∞

S[x, b) =∞ M[x, b) <∞ N[x, b) =∞
S unbounded M(c, x] =∞ S[x, b) =∞

M[x, b) =∞

T
he

b
ou
nd

ar
y
c
is
re
gu
la
r

S[x, b) <∞ M(c, x] <∞ S unbounded
S bounded M[x, b) =∞ N(c, x] <∞

Σ[x, b) =∞ Σ[x, b) =∞ M(c, x] <∞ N(c, x] <∞

τb =∞ M(c, x] <∞ τb =∞ M[x, b) <∞ N[x, b) <∞
S[x, b) =∞ M[x, b) <∞ N[x, b) =∞
S unbounded M(c, x] <∞

M[x, b) =∞

Tab. 3: All possible combination of endpoint for the interval (a, d] with appropriate conditions
(a,d] The boundary ”a” is natural The boundary ”a” is entrance

T
he

b
ou
nd

ar
y
d
is
ex
it

S(a, x] <∞ M[x, d) =∞
S bounded M(a, x] =∞ N[x, d] =∞

Σ[x, d) <∞ Σ[x, d) <∞ M[x, d) =∞ N[x, d) =∞
τd <∞ M[x, d) =∞ τd <∞ M(a, x] <∞ N(a, x] <∞

S(a, x] =∞ M(a, x] <∞ N(a, x] =∞
S unbounded M[x, d) =∞ S(a, x] =∞

M(a, x] =∞

T
he

b
ou
nd

ar
y
d
is
re
gu
la
r

S(a, x] <∞ M[x, d) <∞ S unbounded
S bounded M(a, x] =∞ N(x, d] <∞

Σ(a, x] =∞ Σ(a, x] =∞ M[x, d) <∞ N[x, d) <∞

τa =∞ M[x, d) <∞ τa =∞ M(a, x] <∞ N(a, x] <∞
S(a, x] =∞ M(a, x] <∞ N(a, x] =∞
S unbounded M[x, d) <∞

M(a, x] =∞

Tab. 4: All possible combination of endpoint for the interval [c, d] with appropriate conditions
[c,d] The boundary c is regular The boundary d is exit

T
he

b
ou
nd

ar
y
c
is
ex
it

Σ[x, d) <∞ M[x, d) <∞ N[x, d) <∞ Σ[x, d) <∞ M[x, d) =∞ N[x, d) =∞
τd <∞ τd <∞ M(c, x] =∞ N(c, x] =∞

M(c, x] =∞ N(c, x] =∞
S(c, x] <∞ S(c, x] <∞

and and
S[x, d) <∞ S[x, d) <∞

T
he

b
ou
nd

ar
y
c
is
re
gu
la
r

S is bounded S is bounded
Σ(c, x] <∞ M(c, x] <∞ N(c, x] <∞ Σ(c, x] <∞ M[x, d) =∞ N[x, d) =∞

τc <∞ M[x, d) <∞ N[x, d) <∞ τc <∞ M(c, x] <∞ N(c, x] <∞
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Tab. 5: All possible combination of terminals of an interval of the form (a, b) with appropriate conditions
(a, b) the boundary ”b” is natural

S(a, x] <∞ τa =∞

N
(a
,x

]
=
∞

S(a, x] <∞ τa =∞

N
(a
,x

]
=
∞

S(a, x] <∞ τa =∞

N
(a
,x

]
=
∞S[x, b) <∞ M(a, x] =∞

Σ
(a
,x

]
=
∞ S[x, b) =∞ M(a, x] =∞

Σ
(a
,x

]
=
∞ S[x, b) =∞ M(a, x] =∞

Σ
(a
,x

]
=
∞

S is bounded M[x, b) =∞ S is unbounded M[x, b) <∞ S is unbounded M[x, b) =∞

”a” S(a, x] =∞ S(a, x] =∞ S(a, x] =∞
natural S[x, b) <∞ M(a, x] <∞

N
[x
,b

)
=
∞

S[x, b) =∞ M(a, x] <∞

N
[x
,b

)
=
∞

S[x, b) =∞ M(a, x] <∞

N
[x
,b

)
=
∞S is unbounded M[x, b) =∞ τb =∞ S is unbounded M[x, b) <∞ τb =∞ S is unbounded M[x, b) =∞ τb =∞

Σ
[x
,b

)
=
∞

Σ
[x
,b

)
=
∞

Σ
[x
,b

)
=
∞

S(a, x] =∞ S(a, x] =∞ S(a, x] =∞
S[x, b) <∞ M(a, x] =∞ S[x, b) =∞ M(a, x] =∞ S[x, b) =∞ M(a, x] =∞

S is unbounded M[x, b) =∞ S is unbounded M[x, b) <∞ S is unbounded M[x, b) =∞

(a, b) The boundary ”b” is entrance
S(a, x] <∞

and M(a, x] =∞
”a” S[x, b) =∞ M[x, b) <∞ N(a, x] =∞

natural S is unbounded Σ(a, x] =∞
M(a, x] <∞ τa =∞

S(a, x] =∞ M[x, b) <∞ N[x, b) <∞
and M(a, x] =∞ Σ[x, b) =∞

S[x, b) =∞ M[x, b) <∞ τb =∞
”a” S is unbounded M(a, x] <∞ N(a, x] <∞

entrance M[x, b) <∞ N[x, b) <∞
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