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Configuration Spaces of Graphs
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Abstract

Given a graph I' with a single essential vertex, we determine the fun-
damental group 71 (C(T")) of the configuration space Cy(I") of T'.
This result is a generalization of Theorem 4.6 in [B]. We also discuss
connectivity of configuration spaces of graphs. We use the CW com-
plex model introduced in [I5} [16] to study the configuration spaces of
graphs.

MSC 2010. Primary 55R80; Secondary 20F36.

1 Introduction
The configuration space Cy,(X) of n distinct points in
a topological space X is defined by

Co(X) ={(z1,22,...,2p) € X" | x; # xj for i # j}.

Define an action of the symmetric group ¥,, on Cy,(X)
by zo (To(1), To(2)s - - > To@m)) for ¥ € Cp(X) and
o € ¥,. When X is a manifold (without boundary),
the projection onto the first coordinate p; : Cy,(X) —
X is a fibration whose fiber over z is C,,_1(X — {z})
according to [6].

R. Ghrist first considered configuration spaces of
graphs to investigate the problem of controlling robots
in a factory. In general, graphs are not manifolds.
When a topological space X is not a manifold, it is
difficult to study the configuration space of X since the
projection p; is not generally a fibration. In [8], Ghrist
proved that configuration spaces of graphs are K (m, 1)-
spaces (i.e. Eilenberg-MacLane spaces) and conjectured
that the fundamental group m1(C,(I")) of the configu-
ration space C,,(I") of a graph I' is a right-angled Artin
group. Many people tried to prove this conjecture.
Abrams and Ghrist in [2] showed that for the complete
graph K5 with 5 vertices and the complete bipartite
graph K3, the fundamental groups m(C2(K35)) and
m1(Ca(K33)) are not right-angled Artin groups. Crisp
and Wiest in [4] showed that for a graph I', the funda-
mental group m1(C,(I")/%,) embeds in a right-angled
Artin group. Farley and Sabalka in [7] showed that
for a tree I" and n = 2 or 3, m (C,(I")/%,) is a right-
angled Artin group. Recently, Kim, Ko and Park in
[10] showed that if a graph I' contains neither 7j nor
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So and n > 5, then m(C,(I')/%,) is a right-angled
Artin group, where Ty and Sy are the following graphs

Ty So

In general, configuration spaces of graphs are not
CW complexes. But Abrams constructed a CW com-
plex model.

Theorem 1.1 ([I]). For a finite graph I' with at least
n vertices , define a CW complex D, (") by

U

ex;nex;=¢

D, (T) (ea, X €xy X ... X €Y, ).

where ey, €x,, .., €x, are cells in I'. Then C, (') de-
formation retracts to Dy (T") if and only if

1. Fach path between distinct vertices of valence not
equal to two passes through at least n — 1 edges,
and

FEach path from a vertex to itself that cannot be
shrunk to a point in I' passes through at least n+1
edges.

The configuration space C},(X) is not a CW complex
but it is the "next best thing"; it is a totally normal cel-
lular stratified space in the terminology of [I5] and as
discussed in the next sections. Associated to such a
structure, there is a face category of which classifying
space gives via the geometric realization functor a reg-
ular cell complex denoted Sd (C,, (X)) (see section .
What turns out to be quite useful is that Sd (C, (X))
is a strong deformation retract of C,,(X) with respect
to the action of the symmetric group and is quite a
manageable complex to work with, in contrast with the
Abrams’ model where one needs to take finer and finer
subdivisions and hence add more and more "cells".

In [5] and [14], Mukouyama showed the following
theorem using Theorem
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Definition 1.2. Let ' be a graph and ¢ : D — € be
an edge in T,
e Anedge e is called loop if D = [—1,1] and p(—1) =
w(1).
e An edge e is called bridge if D = [—1,1], p(—1) #

©(1), and both ¢(—1) and ¢(1) are contained in
more than one edge.

e An edge e is called branch if it is not a loop nor a
bridge.

e For a vertex v, let b, is the number of branches
and bridges attached to v and let [, is the number
of loops attached to v.

e The number b, + 21, is called the valency at v.
e A vertex in I with valency 1 is called a leaf.

Theorem 1.3 ([5], [14]). Let I'y ¢ be the graph having k
branches and £ loops attached to a single central vertex:

AE

Then the fundamental groups of the ordered and un-
ordered configuration spaces of two points in 'y, are

given by
T (Ca(Tie)) = Fra
T1(C2(Tkye) /Xo) = Fimyy

where
m = (k+£0)(k+3¢—3),

and F,, denotes a free group of rank n.

We can push the technique further and generalize
Theorem to the configuration space with an arbi-
trary number of points not just two. Our main state-
ment proven in section |8 takes the form:

Theorem 1.4. For (k,f¢) # (1,0),(2,0),(0,1) and a
natural number n, the ordered and unordered configu-
ration spaces of n distinct points in I'y ¢ are homotopy
equivalent to wedges of circles. Furthermore, we have

7rI(C’n(rk,ﬁ)) = Fm+1
Wl(Cn(Pkl)/En) = F%Jrl
where
7n:“&i2f5ﬁkmn—nw—1)un—nm.

The proof of Theorem proceeds in two steps.
We first observe that the dimension of the Tamaki cel-
lular model for the configuration space has dimension
one (i.e. is a finite connected 1-dimensional cell com-
plex). Therefore its fundamental group must be a free
group with rank determined by the Euler characteristic
x. Then we compute y of our model inductively.

We will also verify the following result in section

Theorem 1.5. Let I' be a finite connected graph hav-
ing a vertexr vy of valency > 3. Then C,(I') is path
connected.
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2 Classifying spaces of small categories

In this section, we recall facts about classifying spaces
of small categories.

Definition 2.1. A category C'is called a small category
if both the class of objects in C', denoted Cj, and the
class of morphisms in C, denoted Cq, are sets. For a
morphism f : x — y, the object x is called a domain
and the object y is called a range. The set of morphisms
from an object z to an object y is denoted by C(x,y).

We recall the definitions of simplicial sets and their
geometric realizations to construct classifying spaces.

A simplicial set X consists of a sequence of sets
Xo,Xl, o a famlly of maps {dl X, = anl}OgiSn
and a family of maps {s; : X,, = X,41}o<i<n for each
n satisfying some standard “simplicial” identities.

dlodj :djflodl (Z<])
diOSjZSj_lodi (Z<j)
djOSj:id:dj+1OSj
diOSj:Sdei_l <Z>]+1>
§;0 85 = Sj41 0 S; (ZS])

Let A™ be the standard n-simplex

Ztizl,tizo}.

A" = {(to,tl, o t,) € R
1=0

with maps d’ : A"~! — A" defined by

d'(to,t1, ... tn_1) = (to, 1, tii1, 0,5, ... ty).
and maps s’ : A" — A""! defined by
s (tost1, o tn) = (fost1, =+ o ti Ftigt, oo tn).

Example 2.2. Let X be a topological space. The set
Map(A™, X)) of continuous maps from the standard n-
simplex A"to X is denoted by S,(X). Define maps
di + Sp(X) = S,1(X) by di(f) = fod. Define
maps s; : Sp_1(X) — S, (X) by s;(f) = fos’. Then
S(X) = (Sp(X),d, s) is a simplicial set. This simplicial
set S(X) is called the singular simplicial set of X.

Definition 2.3. Let X and Y be simplicial sets. A
collection of maps {f, : X,y — Yy }nenuqoy is called a

simplicial map if for any nonnegative number n and i €
{0,1,...,n}, the following diagrams are commutative
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fn+1
Xn+1 > YnJrl

The collection {f,
fiX Y.

Definition 2.4. Let X be a simplicial set. The geo-
metric realization of X is defined by

X| = (nﬁ;oX” x A”)/N

where the relation ~ is the equivalence relation gener-
ated by

0 Xn = Yaltnenugoy is denoted by

(z,d'(t)) ~ (di(2),?)

(z,8'(t) ~ (si(2),1).
Example 2.5. Let X be a topological space. Consider
the geometric realization |S(X)| of the singular simpli-
cial set of X. Define a continuous map ev : |S(X)| - X
by ev([f,t]) = f(t) for (f,t) € Sp(X) x A™. Then ev
is a weak homotopy equivalence (i.e. ev induces iso-
morphisms on all homotopy groups) according to [13].
Hence when X is a connected CW complex, |S(X)]
and X are homotopy equivalent as a consequence of the
Whitehead Theorem [9] since the geometric realization
of a simplicial set is always a CW complex.

A simplicial map induces a continuous map between
classifying spaces.
Definition 2.6. For a simplicial map f: X — Y, de-
fine a continuous map |f| : | X| — |Y]| by | f|([(x, )]) =
[(fn(2), )] for (z,1) € Xy x A™.

We can construct a simplicial set from a small cate-
gory.
Definition 2.7. For a small category C' and a nonneg-
ative number n, define No(C') = Cp and for n # 0

No(C) ={(fn,--- 1) € CT | s(fi) = t(fim1)}
Here Cj is the set of objects in C, C the set of mor-
phisms, s(f;) is the domain of f; and #(f;_1) the range
of fi—1.

Definition 2.8. Let C' be a small category. Define
maps d; : N,(C) — N,—1(C) by

di(fﬂ?fn—b‘ . 'Jf].) =

(fn?fnfla"'a.fé) (ZZO)

(frs fae1s oo fiv2, fixr o fis i1, f1)
1<i<n-—1)

(fn—hfn—?y---,fl) (Z:TL)

and maps s; : N, (C) — Np41(C) by

8i(fr, fae1,-. -, f1) =

(fnafn—l; s 7f17id8(f1))
(fnafn—la . '7fi+17idt(fi)7fi7 s

These maps satisfy the simplicial identities and one
has the following well known fact.

Proposition 2.9. Let C' be a small category. Then
(N(C),d,s) is a simplicial set.

Definition 2.10. Let C be a small category. The ge-
ometric realization |[N(C)| of (N(C),d,s) is called the
classifying space of C' and is denoted by BC.

Definition 2.11. Let C' and D be small categories.
For a functor F' : C' — D, define a simplicial map
N, (F) : No(C) — N,(D) by

N (F)(z)
and if n # 0,

No(E) (o fr-ts -5 1) = (F1(fa) Fi(faa)s - - F1(f1)
Define then a (continuous) map BF : BC' — BD by

]) = [(Na(F)(), )]

Proposition 2.12. Let C' and D be small categories
and F' : C — D be a faithful functor. Suppose that
the map Fy : Cy — Dy between the sets of objects is
injective. Then BF : BC' — BD is injective.

Proof. For [(z,1
and (2/,t') € N, (C) xInt(A™) such that (x,t) ~
where

No(C)={(fn,-.-, 1) € NL(C) :
fi is not the identity morphism for each i}.

BF([(z

t)] € BC, there are a natural number n

(', )

For [(z,t)] € BC and [(y,
N, (C) x Int(A™) and (y,

sume that

s)] € BD satistying (z,t) €
s) € Nyu(D) x Int(A™), as-

BE([(x,1)]) = BF([(y, s)]).

Then N,(F)(z) € N,(C) and N,,(F)(y) € N,(D)
since F' is faithful. Thus (N,(F)(x),t) € N,(C) x
Int(A™) and (Ny, (F)(y), s) € Ny (D) xInt(A™). He

(Nu(F)(2),t) = BE([(2,1)]) = BF([(y,5)])
= (Nm(F) (), s)

= (y, s) since F' is faithful and Fj is injective.
O

ence

and (z,t)

3 Cellular stratified spaces

In this section, we review cellular stratified spaces in-
troduced in [I5] and [16].

Definition 3.1. Let X be a topological space. A sub-
space A of X is called locally closed if for any = € A,
there exists a neighborhood U, of z such that A N U,
is a closed set in U,,.
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Definition 3.2. Let X be a topological space and A
be a poset. A map m: X — A is called a stratification
of X indexed by A if the map 7 satisfies the following
conditions:

1. For A € Im7, 7~ (\) is connected and locally
closed.

2. For \,\" € Imm, 7~ 4(A\) € 7—1()\) if and only if
A<,

Definition 3.3. Let 7 : X — A be a stratification
of a topological space X indexed by a poset A. For
A€ A, 77 1(\) is denoted by ey and is called stratum
with index A\. Im is denoted by P(X) and is called
the face poset. If P(X) is finite, (X, ) is called finite.

Example 3.4. Define an order on {0, —1,1} by 0 < £1
and a map sign : R — {0, —1,1} by

1 (x>0
sign(z) =4¢0  (z=0)
-1 (z<0).

Then (R, sign) is a stratified space.

Example 3.5. Consider a hyperplane arrangement A =
{H1,Hs,...,H;} in R™ defined by affine maps {¢; :
R™ — R}*_,. Define a map

74 R = {0,—1,1}*

by ma(z) = (sign(f1(z)), sign(l2()), . . ., sign(lk(x))),
where the set {0, —1,1}* is equipped with the product
order. Then (R™, 7 4) is a stratified space.

Definition 3.6. Let (X, 7x) and (Y, my) be stratified
spaces.

e A pair (f,s) of a continuous map f: X — Y and
a poset map s : P(X) — P(Y) is called a mor-
phism of stratified spaces if the following diagram
is commutative

X Y

P(X) >~ P(Y)

and for each A € P(X), f(ex) = esn)-

e When X =Y and f is identity, (f,s) is called a
subdivision.

Definition 3.7. Let (X, 7) be a stratified space. For a
stratum ey, ex — ey is called the boundary of ey and is
denoted by Odey.

Definition 3.8. A stratified space (X, 7) is called CW
if it satisfies the following conditions:

1. For each stratum ey, the boundary Oe) is covered
by a finite number of strata;

2. X has the weak topology determined by the cov-
ering {ex | A € P(X)}.

Definition 3.9. Let 7 : X — P(X) be a stratification
on a Hausdorff space X.

e For a stratum ey, an n-cell structure on ey is a
quotient map @) : Dy — X satisfying the follow-
ing conditions:

1. Int(D™) C Dy C D"

2. pA(Dy) =ex
3. ©almepry @ Int(D"™) — ey is a homeomor-
phism.

e A stratum equipped with an n-cell structure is
called an n-cell.

e The space D) is called the domain of ey.
o An n-cell ey is called closed if Dy = D™.

Example 3.10. Consider a stratification (R",74) in
Example [3.5] When A is a central hyperplane arrange-
ments (i.e. the affine map ¢; is a linear map for each i),
we will define a cell structure on a stratum on (R™, 7 4)
as follows.

Choose a stratum e in (R, 74). Let

f:00,1) = [0,00) , f(x)= tangm

and define
YrenInt(D") — e
by
_ Sz @#0)
Vo) = {0 e,

Then ) is a continuous map since
tim ()| = lim f(]lz])) = 0.

The inverse map to v is

e —enlInt(D")
defined by

coy JIT e (e #0)
D) = {o o oo

Thus % is a homeomorphism. Hyperplanes cut the
boundary 0D" of D™ and define a stratification 74 p»
on D™ whose are all closed cells.
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Thus eNIntD™ is a cell in D™. Define a cell structure
on e by the composition

D = o~ (ennt(D") —*~enInt(D") —2~¢

where ¢ : D™ — e N D™ is the cell structure of eNInt D™
in D™

Definition 3.11. A cellular stratification on a strati-
fied space (X, 7) consists of a collection

(I):{QPAZD)\%a’)\EP(X)}

of cell structures on strata satisfying the condition, that
for each ey, de), is covered by cells of dimension less than
or equal ton — 1

66,\ C U €u-

peP(X),dimey<n-—1
The triple (X, 7, @) is called a cellular stratified space.

Example 3.12. R” is a cellular stratified space with
the standard homeomorphism Int(D") — R™ as a cell
structure of an n-cell. There are of course other distinct
cellular stratification of R™ as illustrated by example
3.10

Definition 3.13. Let X be a cellular stratified space.
A subset A of X is called a cellular stratified subspace
of X if the following conditions are satisfied:

1. the restriction 7|4 : A — A is a stratification.

2. for a cell ey in X satisfying ey C A, the restric-
tion a|p,, 1 Daa =9y (@xNA) & NAisa
quotient map.

Definition 3.14. Let (X, 7x,®) and (Y, 7y, V) be cel-
lular stratified spaces. A morphism of cellular stratified
spaces consists of

e amorphism (f,s) : (X,7x) — (Y, 7wy) of stratified
spaces, and

e a family of maps { f) : Dx — Dy }aep(x) indexed
by cells ¢y : Dy — €y in X
such that f,(0) = 0 for any A € P(X) and the following
diagram

I
Dy —=> Dy

WA\L iwsm

X

is commutative, where ¥g\) : Dyn) — Y is the cell
structure of ey(y) in Y.

f

4 Totally normal cellular stratified spaces and
their barycentric subdivisions

In this section, we define total normality for cellular
stratified spaces and barycentric subdivisions of totally
normal cellular stratified spaces.

Definition 4.1. Let X be a cellular stratified space.

e X is called normal if e, Nex # ¢ implies e, C ey
for any e).

e X is called regular if the cell structure ¢ : Dy — €y
of each ey is a homeomorphism onto €.

Definition 4.2. Let X be a normal cellular stratified
space. Then X is called totally normal if for each n-cell
€,

1. there is a regular cell structure on S"~! containing
OD, as a cellular stratified subspace of S"~1,

2. for each cell e in the cellular stratification on 9D,
there are a cell e, in X and a map b: D,, — 0D,
such that b(D,) = €, b(Int(D,)) = e, and the
following diagram is commutative.

e—— 8D,\C—> D, L

Dy,

Definition 4.3. A 1-dimensional cellular stratified space
is called a graph.

Graphs are examples of totally normal cellular strat-
ified spaces.

Proposition 4.4. Any graph is totally normal.

Proof. Let T" be a graph. Choose a 1-cell e with the
cell structure ¢ : D — € of e. The domain D of e
is (—=1,1), [-1,1), (—=1,1], or [=1,1]. When 0D = ¢,
the conditions of the definition of total normality are
satisfied. When 0D # ¢, D is a stratified subspace of
SO since 9D is {1}, {—1}, or S°. For a cell e in 9D,
there is a 0-cell ey in I" such that the following diagram
is commutative

e dDC D257
T /

DO

since the domain of e is DY. O

We construct a small category from a totally normal
cellular stratified space.

Definition 4.5. Let X be a totally normal cellular
stratified space. Define a category C'(X) as follows.
Objects are cells,

C(X)o={e|eisacellin X}.

A morphism from a cell ¢, : D, — €, to another cell
ox : Dy — exisamap b: D, — D, such that the
following diagram is commutative

D/\Lac_>X

1.

D, e,
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The composition is given by the composition of maps.
This category C(X) is called the face category of X.

Definition 4.6. The classifying space BC(X) of the
face category C(X) of a totally normal cellular strati-

fied space X is called the barycentric subdivision of X,
and is denoted by Sd (X).

Example 4.7. R" is a totally normal cellular stratified
space by Example [3.12] The barycentric subdivision
Sd (R™) of R™ is a single point.

Example 4.8. Consider S' = ¢ U e! where €° is a
point in S and e! = S — €Y.

Sl is totally normal since S* is a graph. The barycen-
tric subdivision Sd (S') is the boundary of a hexagon
and is homeomorphic to S*.

Example 4.9. Consider X = IntD" U {(1,0)} consist-
ing of an n-cell and a 0-cell.

IntD" e(1,0)

Here X is totally noriﬁal since the boundary de™ of
the n-cell €” = Int(D™) is a point. The barycentric
subdivision Sd (X) is a 1-simplex.

The barycentric subdivision Sd (X') of a CW totally
normal cellular stratified space X is embedded into X.

Theorem 4.10 ([15]). For a CW totally normal cel-
lular stratified space X, there is a simplicial map i :
N(C(X)) = S(X) from the nerve N(C(X)) of the face
category C(X) to the singular simplicial set S(X) of X
such that the composition

7284 (X)L 15X 2 X

is an embedding, where ev is a continuous map defined

in Example 2.5

The following theorem is the key result to study con-
figuration spaces of graphs in this paper.

Theorem 4.11 ([I5]). For a CW totally normal cellu-
lar stratified space X, the image 1(Sd (X)) of the em-

bedding i : Sd (X) — X is a strong deformation retract
of X.

Proposition 4.12. For a totally normal cellular strat-
ified space X, Sd (X) is a regular cell complex.

Proof. It is obvious by the definition of the geometric
realization.

5 Subspaces, Products, and Subdivisions

In this section, we prove total normality for cellular
stratified subspaces, product cellular stratified spaces,
and cellular subdivisions to study configuration spaces
of graphs.

First, let us consider subspaces.

Theorem 5.1. Let X be a totally normal cellular strat-
ified space. A cellular stratified subspace A of X is to-
tally normal if for any A € P(A), 0Dy 4 is a cellular
stratified subspace of 0Dy where D) 4 is defined by Def-
inition [313.

Proof. For any A € P(A),

1. there is a regular cell structure on S4™e 1 con-
taining 0D, as a cellular stratified subspace of
Sdimek—l, and

2. for each cell e in the cellular stratification on D),
there are a cell e, in X and a map b: D,, — 0D,
such that b(D,) = €, b(Int(D,)) = e, and the
following diagram is commutative

ec 0D,\C D, L X
T /

b

D/J'

since X is totally normal. A cell in 0D) 4 is a cell in
0D) since 0D, 4 is a stratified subspace of D). Then
given a cell e in 0D} 4, there are a cell ¢, in X and a
map b: D, — 0D, such that b(D,) =¢, b(Int(D,)) =
e, and the following diagram is commutative

e——= 0D\“—— D, L X
D,.
We have D, = b~'(€ N 9Dy 4) C D, 4 since for
T € D,
Pu(r) = pa(b(r)) € A.
Conversely, D,, 4 is included in D, since for x € D), 4,
eA(b(z)) = pu(z) €84 NAC A,

then b(zx) € eNdDya. So D, = D, 4.
following diagram is commutative

Then the

€N ODN\ A\ D\ A Dy s 2= A
bT /
D, === D, 4.
We also have e, C A since for z € Int(D,,),
oA(b(z)) € pale) Ca(0Dra) CEXNAC A
Thus A is totally normal. O
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Second, let us consider products.

Definition 5.2. Let P and ) be posets. Define a par-
tial order on P x @ as follows: for (z,y) and (2/,y') in
P xQ,

(z,y) < (2,y) if only if z < 2’ and y < ¢/

Proposition 5.3 ([15]). Let (X,7x) and (Y,7my) be
stratified spaces. Define P(X xY) = P(X) x P(Y).
Then the product (X XY, wx X my) is a stratified space.

Definition 5.4. Let X and Y be cellular stratified
spaces. For cells ex C X and e, C Y, consider the
composition

~ PAXPp
©xap - DA,M = D)\ X DH *;6)\ Xe, =¢exXe,

mapping into X x Y, where D) , is the subspace of
Ddimextdime, ghtained by pulling back Dy x D, via
the standard homeomorphism

Ddimek+dimeu ~ Ddime)\ % Ddimeu

X x Y is called the product cellular stratified space if
@, is a quotient map for each pair of cells in X and
Y.

In general, f x g : X7 x Y] — X5 x Y5 is not nec-
essarily quotient even if f: X7 — Yy and g: X — Y5
are quotient maps. Bi-quotient maps are useful to solve
this problem.

Definition 5.5. Let f : X — Y be surjective and
continuous. Then f is called bi-quotient if for any y € Y
and any open covering U of f~!(y), there exist open
sets Uy, Us, ..., Uy € U such that UF_, f(U;) contains a
neighborhood of .

Lemma 5.6 ([12]). Let {f; : X; — Y;}ier be a family of
bi-quotient maps indexed by a set I. Then the product
Iicrfi i Wier X5 — i1 Y; is a quotient map.

The problem is when a characteristic map of a cell
is bi-quotient.

Definition 5.7. Let f: X — Y be a continuous map.
The map f is called relatively compact if f=1(y) is com-
pact for each y € Y.

Lemma 5.8 ([16]). Let X be a cellular stratified space.
If the cell structure @y : Dy — €x of ey is relatively
compact for any A € P(X), then vy is bi-quotient.

For a totally normal cellular stratified space, any cell
structures are bi-quotient.

Lemma 5.9. Let X be a totally normal cellular strat-
ified space. Then for any A\ € P(X), the cell structure
wa: Dy — €y of ey is bi-quotient.

Proof. For any y € Oey, there is p € P(X) such that
y € e, and dime, < dimey—1 since X is cellular. Also
e, C €y since X is normal. Define

fOX)(ensen) x {y} = ©5' ()

by f(b,y) = b(e;'(y)). Here f is continuous since
C(X)(ey,ex) x {y} is a discrete space. For any z €
@\ (y), there is a cell e in D) such that x € e. There
are a cell e, in X and a map b : D, — 9D, such that
the following diagram

e 9D\ D, P

| /

D,

is commutative since X is totally normal.

There is z € Int(D,) such that b(z) = x since the
restriction bly(p,) : Int(D,) — e is a homeomorphism.
W= v since

y = palr) = eA(b(2)) = wu(2) € ey, Ney.

Then f is surjective since b € C(X)i(ey, ex) and

F(b,y) = (e, (y) = blz) = z.

C(X)(eu,ex) x {y} is compact since C(X)(ey,ey) is
finite. Then @5 *(y) is compact. Thus ) is bi-quotient
by Lemma O

The product of totally normal cellular stratified spaces
is totally normal.

Theorem 5.10. Let X andY be totally normal cellular
stratified spaces. Then the product X X Y 1is totally
normal.

Proof. For A € P(X) and pu € P(Y'), the product ¢y x
1, of cell structures py and ¢, of e) and e, is a quotient
map by Lemma [5.6] and 5.9 Thus X x Y is a cellular
stratified space. Assume that ey is an n-cell and e,
is an m-cell. There are regular cell structures on S™~!
and S™~! containing D) and 9D, as cellular stratified
subspaces of S"~! and S™ ! respectively since X and
Y are totally normal.

The standard homeomorphism D"t = D" x D™
induces the homeomorphism S"T™~1 = (D" x §m~1)
(S"1 x D™). The cell structures on D™ and D™ are
defined by adding an n-cell and an m-cell to the regular
cell structures of S"~! and S™~!, respectively. Then we
obtain the cell structure on (D" x S™~1)u(S"~1 x D™).
This cellular stratification contains 9D, = (Dy x
0D,) U (0Dy x D,,) as a stratified subspace. Choose
acell e x e C Dy x0D,,.

1. When e is an n-cell, the domain of e is D). There
are a cell e,y in Y and a map o' : D, — 0D,, such
that the following diagram is commutative.

Yu

e 0D, D, Y
—

b/

Dy
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Then the following diagram is commutative.

€ x /“——— Dy x 9D,“~—= D, x D,

idD)\ x b

l@)x XYy

e XxY

D)\ X DM'

2. When e is a cell in 9D, there are a cell ey in X
and a map b: Dy — 0D, such that the following
diagram is commutative.

ec 0D,\C D, L X
T PN

b

Dy

Then the following diagram is commutative.

€ x /09Dy x 0D,“~— D, x D,

bxb’T lwxxwy
1 XY
D/\/ X Dul o - X X Y
Thus X x Y is totally normal. O

Third, let us consider cellular subdivision.

Definition 5.11. Let (X, 7, ®) be a cellular stratified
space. A cellular subdivision of (m, ®) consists of

e a subdivision of stratified spaces
(idx,s): (X,7") — (X, n),

e a regular cellular stratification (7, ®)) on the do-
main D) of each cell ey in (7, D)

satisfying the following conditions:
1. Int(D)) is a stratified subspace of (Dy,mx, D).

2. For each A € P(X), the cell structure
©x 1 (Da,m\) — (X, 7) of ey is a morphism of
stratified spaces.

3. The map P(¢y) : P(Int(Dy)) — P(ey) induced
by the cell structure ¢, is a bijection.

We will define a cellular subdivision of the n-fold
product I'™ of a graph I' by defining subdivisions of
domains of cell structures in order to obtain a totally
normal cellular stratification on configuration spaces.

Theorem 5.12 ([16]). Let X be a totally normal cellu-
lar stratified space and (Dy,my, ®x) be a regular cellu-
lar stratification for each A € P(X). Assume that each
morphism b : (D, m,, ®,) — (Dx, 7, ®y) in the face
category C(X) of (X, m,®) is a morphism of stratified
spaces. Define a stratification @ on X by

X = U U
AEP(X,m,®) NeP(Int(Dy))

Then ((X,7"),(Dx,mx, ®))) is a cellular subdivision.

ea(ex).

The restriction of f to a subspace A is not neces-
sarily quotient even if f : X — Y is a quotient map.
Hereditarily quotient maps are useful to solve this prob-
lem.

Definition 5.13. Let f : X — Y be a surjective and
continuous map from a topological space X to a topo-
logical space Y. The map f is called hereditarily quo-
tient if for y € Y and a neighborhood U of f~!(y),
f(U) is a neighborhood of y.

Lemma 5.14 ([3]). Let f : X — Y be hereditarily
quotient.

1. f is a quotient.

2. For a subspace A of Y, the restriction
flp-ra) s fTHA) — A
is hereditarily quotient.

For a cellular stratified space X, We define a new
cellular stratification on X obtained by a cellular sub-
division of X.

Definition 5.15. Let (X, 7, ®) be a cellular stratified
space whose cell structures are hereditarily quotient
and let ((X,7"), (Dy,mx, ®))) be a cellular subdivision
of (X, m, ®). Define a cellular stratification on (X, 7’)
as follows.

For A € P(X,n) and N € P(Int(D,)), define a cell

structure of 7'~1(P(,)()\)) by the composition

S
DX*A;DALX

where sy : Dy — D, is the cell structure of the cell
ex in (l)>\7 TN, (I))\).

Theorem 5.16 ([5]). Let (X, 7, ®) be a totally nor-
mal cellular stratified space whose cell structures are
hereditarily quotient and let ((X,7),(Dx,mx, Py)) be
a cellular subdivision of (X, m,®). Assume that each
morphism b : (D, m,, ®,) — (Dx, 7, ®y) in the face
category C(X) of (X, m, @) is a morphism of stratified
spaces. Then

X = U U

AEP(X,m,®) NeP(Int(Dy))

palex)
is totally normal.

6 Totally normal cellular stratifications for
configuration spaces on graphs

We construct a stratification on the configuration space
C(T") of a graph I'. First, we construct subdivisions of
the domains of cell structures of cells in I'".

Definition 6.1. For 1 < i < j < n, define a hyperplane
H; j by

HiJ = {(xlﬂx%”'axn) eR" | X :SUj}.
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and a hyperplane arrangement A,,_; in R™ by
.An_lz{Hi’j|1§Z.<j§n}.

This hyperplane arrangement A4,,_; is called the braid

arrangement.

A cell in (R™, 74, ,) is described by an ordered par-
tition.

Definition 6.2. Let X be a finite set. A sequence
{s1,82,..., sk} of subsets of X is called an ordered par-
tition of X if the following conditions satisfy:

e s; # ¢ for each i
o X =1, s

An ordered partition {sq, so, ..
denoted by (s1]s2| ... |sk)-

serof {1,2)... n} is

Definition 6.3. For an ordered set partition 7 = (s1]s2] . ..

of {1,2,...,n}, acell e(r) in (R", 74, ,) is defined by

6(7‘) = {(331,...,37”) eR"” ’ T =20 =...=2T0)
1 2 0

< :L‘Z.?) =...= :L‘Zg) <
<$Z.(1k) :'”:xi/(z];)}

where s; = {igi), igi), o ,iZ)}.

Definition 6.4. Let X = (—1,1),[-1,1),(-1,1], or

[—1,1]. Define a regular cellular stratification on a
stratified subspace (X™, w4, ,|xn) of (R™ 74, ,) as fol-
lows.

For a stratum e in X™, let D be the closure of e in
X"™. Define the inclusion D < X™ as a cell structure
of e.

This cellular stratification is denoted by ®(X,n).

Definition 6.5. Let X be a totally normal cellular
stratified space. For A = (A1, Ag, ..., \,) € P(X™),

o Acell ey, xXey, X...xey, in X" is denoted by ej.

e The cell structure py, x ...
PA-

e The domain Dy, x Dy, x ... x D, is denoted by
Di.

Definition 6.6. Let I be a finite graph. We choose

a total order on the set of 1-cells. For a cell ey in I'?,

define a regular cellular stratification on Dy as follows.
There is a permutation ¢ € ¥, such that

X (py, is denoted by

(ex)o = {a product of 0-cells} x (e}“)m1 X (eLz)m2

X ..x (e, )™

and 1 < pe < ... < ug. Define a cellular stratification
on (Dy, )™ X (D)™ x ... x (Dy, )™ by the product
cellular stratification of

{((D,Lti)miv T Ay -1 ’(DM)"% ) (p(D,U«i? ml))}

For a cell e in (D, )™ x (D)™ x ... x (D, )™, (e)o™!
defines a cell in Dy. These cells define a stratification
on Dy. This stratification is denoted by .

Theorem 6.7. Let I' be a finite graph. Let 7 be a strat-
ification on I'™ defined by Theorem[5.13. Then (I'™,7)
is a totally normal cellular stratified space.

Proof. The product I'” is totally normal by Proposition
4.4l and Theorem [5.101

We will prove that the cell structure ¢y : Dy — € of
a 1-cell e in I' is hereditarily quotient. If e is not a loop,
@ is hereditarily quotient since ¢ is a homeomorphism.
We prove the case when e is a loop. Choose a point
y € e and a neighborhood U of ¢~!(y). Then there is
an open set V in (—1,1) such that

ey eV U

Thus ¢(U) is a neighborhood of y since the restriction
¢|(~1,1) is a homeomorphism. Choose the point y € de
3%3)& neighborhood U of »~!(y). The neighborhood U
mposes into a neighborhood U; of 1 and a neigh-
borhood Us of —1. Thus ¢(U) is a neighborhood of y.
Hence ¢ is hereditarily quotient.
For a morphism

b: (Duﬂr”) — (D)\,W)\)

in the face category of I'", b is a morphism of stratified
spaces by Proposition 3.7 in [5].

Thus ((I'™, 7), (Da, 7)) is a cellular subdivision by
Theorem and ('™, 7) is totally normal by Theorem
0. 16l O

The configuration space C,(I") is contained in (I'", 7)
as a cellular stratified subspace. In order to show that
Cy(T) is totally normal, it suffices to verity the condi-
tion in Theorem [B.1}

Theorem 6.8. Let (I',m) be a finite graph. Then the
configuration space Cy,(T) of T has a totally normal cel-
lular stratification.

Proof. For a stratum e in C,, ('), there are A € P(I'™, 7™)
and v € P(Int(Dy)) such that

e = (pa)(ev)

There is a permutation o € ¥, such that

(ex)o = {a product of O-cells} x (e}“)m1 X ... X (ehk)mk

and py < po < ... < pg. For each 1 <1 <k, there is a
cell e; in ((Dy,)™, mA,, ) such that

e, = ({a product of domains of 0-cells}xey x...xeg)o™

Define a subspace D; of (D,,)™ by

i

D; = The closure of e; in (D,,)™.

Then D = {a product of domains of O-cells} x D; x
. X Dy, is the domain of e in (I, 7). The domain

(D), ry of e in Cy(T) is obtained by removing some
faces from D. Thus G(E)Cn(p) is a stratified subspace

of (D). Hence C,(T') has a totally normal cellular
stratification by Theorem [5.1 O
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Let us introduce notations for cells in C,,(I") based
on the correspondence in Definition [6.3]

Definition 6.9. Let I' be a graph. For a cell e in C,,(T"),
there are a cell ey in I'™ and a cell e, in Int(Dy) such
that

e = (oa)(ev)-
There is a permutation o € ¥, such that

(ex)o = {a product of 0O-cells} x (ellu)ml

and g < po < ... < flg.
For each 1 < i <k, there is a cell ¢; in

((Dﬂi)Miu T A, —15 CI)(D,M'? ml))

such that

e, = ({a product of O-cells} x e; x ey X ... X eg)o '
For each 1 <17 < k, Let 7; be the partition of A; corre-
sponding to e; under the one-to-one correspondence in
Definition [6.3] where

Ai:{xe{l,Q,...,n}’e)\x:e}u}.

In this case, the cell e is denoted by [T1,,,, T2.5, - - - Ty )-

Example 6.10. We consider a cellular stratification on
Cn(I") and Sd (C,,(T")) when I" = [—1, 1] and n = 2. The
interval [—1, 1] has a stratification: [—1.1] = efUejuUe!
where ¢! = {—1},¢y = {1}, and €' = (—1,1). The
product stratification [—1,1]? is given by

[—1,1]% = efxefUed x el Ue? x eue! x eUe! x ' Ue! x
egUeg xe?Ueg ><e1Ueg xeg.

The diagonal set Hio = {(z,y) € R? | x =y} subdi-
vides the square [—1,1]2. The 2-cell e! x el is di-
vided into a 1-cell [(1,2)q] and two 2-cells [(1]2)1]
and [(2]1).1]. We obtain a cellular stratification on
C5([—1,1]) by removing from ([—1,1]%, 74, |—1,1)2) the
subspace [(1,2)e1].
The barycentric subdivision Sd (Ca(]—1,1])) is homo-
topy equivalent to S°.

7 Connectivity of configuration spaces of
graphs

In this section, we prove Theorem [I.5
A path in a regular cell complex is described by a
sequence of 1-cells.

Definition 7.1. Let X be a regular cell complex. For
two O-cells u, v, a path from u to v is a sequence P =
(e1,€2,...,e,) of 1-cells such that & Ne;7 is a 0-cell
for each i, €1 Ne; and € Ne; 1 are distinct 0-cells for
each i, u € dey — des, and v € de,, — de,_1.

We can remove all leaves from a given graph without
changing homotopy type of the configuration space.

Lemma 7.2 ([5]). Let " be a graph. Define a sub-
graph T'° of T' by removing all leaves from I'. Then
the inclusion I'° — T induces a homotopy equivalence

Cr(T°) ~ Cy (D).
We can assume that for any natural numbers k and ¢,

Iy ¢ has only one vertex by Lemma|7.2]and the domains
of all branches are (—1,1].

Lemma 7.3. For k >3, C,(I'x0) s path connected.

Proof. 1t suffices to prove that Sd (C,(I'xo)) is path
connected, by Theorem We will prove that for
any two vertices v, w in Sd (Cy,(I'x0)), there is a path
from v to w in Sd (Cy,(T'k)). Let Tyo =€’ U Ule e}\i
be a stratification on I'y . For two cells [o1y,, ..., 0%, ]
and [p1y,, .-, pry,) i Cp(Lr ), there are numbers = €
{1,2,...,n} and i € {1,2,...,k} such that
s UkAk] = [pl)\lv s 7pk)\k]

{0'1/\1,. N (O’i‘l’)/\i,. .

if and only if there is a morphism from [o1y,, ..., 0%, ]
to [p1y,s-- -, Pry,] in the face category C(Cy(I'kp)) by
Definition For two numbers i,57 € {1,2,... k},
there is a number h € {1,2,...,k} such that h is not
¢ nor j since k > 3. We may assume without a loss of
generality that ¢ < h < j. Hence for two cells

a= o1y, (T|zfar]. . ap)y s ok, ] and
B = [o1r,-- (m|zlbi]. .. |bg)x; - -, oka) 0 Cp(Tip)
satisfying (71]a1] ... |ap) = o; and (72|bi1] ... |bg) = 0j, a

path from « to (8 is obtained by the following sequence:

o — [01)\17 ceey (T1|$|CL1| . ]ap_l)Ai C.. 70—16)%] —
[T1n - (m]zlar] - lap—1)xs -, (Onlap)ans - - - Ok, ]
— o= oy (M)A - (onlap| - lan)a, s

.. .,O'k)\k]

—[oirng - (M) N, - (Onlap] - ar)r,, - -
(7'2|b1’ e |bq—1)>\j7- . '70_k>\k]
— 01/\1,...,(71|a:)>\2.,...,(ah|ap| ...|a1|bq),\h,...,
(Tg’bﬂ e ’bqfl))\j,. . .,O'k)\k]
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o [Ty (T T) A s (Onlap] - - - Jaa byl - -

|bl)>\ha N 77—2>\j7 o 'ao_kkk]

— ... [01/\17...77'1)\“.

...,(TQ’I))\j,Uk)\k] —...—=>pf

There is also a path from

[Uul, cee (71|$’T2|y|73)m . -,Uk:,\k]

to [o1as .-, (T1|y|T2|z|m3) A5 - - - s 0Kz, . Hence for any
two vertices v, w in Sd (C),(I'x o)), we obtain a path from
v to w in Sd (C,,(I'x0)) by using these paths. O

Definition 7.4. Let I' be a finite connected regular cell
complex. For a path P = (e, e9,...,¢€,), the number
n is called a length of P and is denoted by ¢(P).

Definition 7.5. Let I' be a finite connected regular cell
complex. For two vertices u,v, the distance dr(u,v)
between u and v is defined as follows:

dr(u,v) = min{{(P) | P is a path from u to v} .

Lemma 7.6. Let X be a topological space and A be a
subspace of X. Suppose that for any x € X, there exist
a point a in A and a path € : I — X such that £(0) =z
and £(1) = a. Then X is path connected.

For a graph I' containing I's o, the configuration space
C () of T is path connected.

Theorem 7.7. Let I' be a finite connected graph hav-
ing a vertex vy of valency > 3. Then C,(I") is path
connected.

Proof. First we prove the case when there is an edge
that is not a loop.

If the valency at vg is k, there exists an embedding
f:Tro— I. For (zg,21,...,2,) € Cp(I'), we induct
on the number « of x; satisfying z; ¢ f(I'x0).

For a = 0, by (g, x1,...,2,) € Im(C,(f)), the as-
sumption of Lemma/[7.6|is satisfied. We assume that the
assumption of Lemma [7.6| is satisfied for a < m — 1.
Consider a point (x1,x2,...,x,) in C,(I") satisfying
o = m. Let z;,%,,...,x;, be the components of
(w1, 22, ..., 2,) satisfying ;, ¢ f(I'y0) for all j. Choose
a spanning tree T of I'. It suffices to consider the spe-
cialized case where z;; € T' for some j since if z;; is not
in T for any j, there exists a path from a point z;; to a
vertex in the edge containing x;; by the connectivity of
I'. Suppose that x;, satisfies x;, € T" and the following
condition:

dT(Z'il,U()) = min {dT(Jﬁl‘j,Uo) ‘ Ty, S T} .

We can choose a path P = (e, eq,...,6p) from vy to
x;, in T. Let xp,,xp,,...,2n, , be components of

(21,22, ...,xy,) satistying x5, € f(Lkp).

1. If xp, ¢ ey for any a, for any y € f(I'ko) Ney,
there exists a path ¢ : I — I' such that ¢(0) = z;,
and /(1) = y. Hence there exists a path from
(l‘l, L2y ooy Ljy—1yLjyy Lig41y -« - ,ZL‘n) to
({L‘l, L2y ooy Liy—1,Yy Lig4+1y - - - ,ZL‘n).

o (onlap] . lailbgl .. - b1)a,s

2. If xp, € ey for some a, choose xj, satisfying the
following condition:

df(Fk,o)ﬂ61 (Th,,v0) =
max {df(rk,o)mel (:Eha/ 9 UD) ‘ :Eha, E 6]_}

Let ¢ : D — &7 be the cell structure of e;. Then
there exists t € D such that ¢(t) = z5,. We
choose a positive number ¢ > 0 such that p(t+¢) €
f(Tko). There exists a path ¢ : I — I" such that
0(0) = x;, and £(1) = ¢(t+¢). Hence there exists a
path from (z1,x2, ..., 2,) to (21,22, ..., 21, p(t+
6), Lii4+1y- - - ,:En).

By the inductive hypothesis, the assumption of Lemma
is satisfied.

Second we prove the case when all edges in I' are
loops, that is I' = I'g 4.

There is a bijective and continuous map f : I'y; —
oo from I'y 1 to I'go. f induces a bijective continuous
map Cn(f) : Ch(I'11) = Cn(Tog2) from C,(T'11) to
Cn(To2). Hence C,,(Iy2) is path connected.

For k > 3, there is a bijective and continuous map
g :Tko — Lo from I'y g to I'g . ¢ induces a bijective
and continuous map Cp(g) : Cp(I'k0) = Cp(Tox) from
Cn(T'k0) to Cp (Lo k). Hence Cy (I ) is path connected,
and so is Cy,(T). O

8 Fundamental groups of configuration spaces
of graphs with a single essential vertex

In this section, we prove Theorem The main point
is to make explicit the cell complex Sd (C,(I")) based
on the totally normal cell structure on C,,(I") described
in section [6| and then use the equivalence Sd (Cy, (")) ~
Cy(I") obtained from Theoremu to conclude.

First, we study the dimension of Sd (Cy,(I'xz)).

Theorem 8.1 ([5]). Let T' be a finite connected graph.
We have

dim Sd (Cy,(T")) < min{n, m}

where m is the number of vertices in I'. In particular,

we have dim Sd (C, (I ) = 1.

In general, for a finite connected 1-dimensional cell
complex I, the fundamental group of I is a free group
and the rank of 71 (I') is described by the Euler charac-
teristic of T'.

Theorem 8.2 ([9]). Let I" be a finite connected
1-dimensional cell complex. Then

1. The fundamental group m1(I") of T is a free group.

2. The rank of the fundamental group m (I') is 1 —
X(I") where x(I") is the Euler characteristic of T.

By Theorem Theorem [B.1], and Theorem [8.2]

it suffices to calculate the Euler characteristic of
Sd (Cp(Tkr)) to determine 1 (C,(T'kp)).
We define functors to decompose Sd (Cp,(Ioy)).
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Definition 8.3. For i € {1,2,...,n}, define a functor ~ Proof. We have the following equation:

Ey - C(Cp1(T14-1)) = C(Cu(Top)) X(8d (Cn(Toe))) = x(Sd(Cn(Toe-1)))
+nx(Sd (Cp(T14-1)))
—#E(Sd (Cr(Toe)) — X)

where X =Im BF I, Im BF;. We distinguish two
in C(T'1e-1)0, 0 € Y12, i—1,+1,..n}, and a partition  cases for an edge e in Sd (Cn(Toe)) — X.
T, of Ag for 1 < s < £ such that

as follows. For e € C(Cp,—1(I'1,1—1))o, there are

€ury Cugs vy Cuy 1y Cupyy ey

1. The edge e connects [11,,,, ... ,Te_lw_l] and
(€vy X oo X €y X €y X oo X €y,)0 = [Tipns ooy Te=1,, 5 (1) ). In this case
(%) x (ex3,)™ % (e}“)m“’ X ... X (e}l,e,1)m[ A =2n ) (n—1)
and laj=n—1
62[7-1)\177-2u17"'77-fw—1] _ 2’)1 (€+n—3)' (n—l)'
where (n—1)I(¢—2)!
n—1
Ay ={zxe{1,2,...;i—1,i+1,...,n} |e,, =ex} = o J[+i-2)
and =1
where

As={re{l,2,...;i—-1i+1,....,n}|e, =e€u,_,}

B (n—1)! (n—1—a)!
for 2 < s < . Now define F; by A—2n|_z_1 (n—l—al)!x(n—l—al—@)!
(Fio(e) = [T+ - Touy (ilm1),,] X ..o X (ap—1)!.
Proposition 8.4. Let F': C(Cp(T'o 1)) — C(Cngfw)) 2. The edge e connects [11,,,,...,7,,] and
be the inclusion functor. Then both BF and BF; are [Tipss s Te=1,, > (€]720) 4] In this case
embeddings. o
Proof. The maps BF' and BF; are injective since F n_1
and F; satisfy the conditions in Proposition In = n Z (n—1)! — H ((+i—2)
general, Sd (C,,(I'x¢)) is a finite cell complex (i.e. com- la|=n—1 =1
pact) since C(C,(I'x¢)) is finite. Hence BF' and BF; (C+n—2) n_1
are injective continuous maps from a compact space to = { — (-1 = J[(l+i- 2)}
a Hausdorff space, and embeddings. O ! ;

The following two propositions follow immediately

1 n—1
by the definition of Fj. = {H (l+i—1)— H(€+z—2)}

Proposition 8.5. For1 <i<n, where
Im BF NIm BF; = ¢ P Z n—l)' y (n—1—a)
~ ~ U —1—a)! (n—1-a; —ay)!
and Im BF; NIm BF; = ¢ if i # j. la|=n— 1
~ n—1
Proposition 8.6. For functors F' and F;, we have x ... x (ag) — H (C+i—2).
i=1

sko(Sd (Cy(Toy))) € Im BF 11 [[ Im BE;

b Hence the number of edges in Sd (Cy,(I'g;)) — X is given

by:
Definition 8.7. Let I" be a graph. The set of 1-cells is
denoted by E(T). 1E(Sd (Cr(Tog)) — X)
The following equation is obtained by Proposition = @ )n 12) -
a0 = [l +i-1)+ H(€+i—2)}
Theorem 8.8. For{ =2,3,... and n € N, we have i=1 i=1
n—2
X(5d(Cn(To))) = x(Sd(Cn(To,e-1))) — nJ[U+i-1)(+n—2+(—1)
+nx(Sd (Cr-1(I'1,e-1))) =1
n—2 n—2
—n [J(¢+i-1)(20+n-3) = ((+i—1)(20+n—3)
i=1 i=1
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([
We define functors to decompose Sd (Cy, (k. r)).

Definition 8.9. For i € {1,2,...,n}, define a functor

éi : C(Cnfl(rk,g)) — C(Cn(Fk,g))

as follows: for e € C(Cp,—1(I'k ¢))o, there are e, , €y, . . .,

€ri_1s 6V¢+17 sy PUp = MAE R0y VO A2, —1 041,

and a partition 7, of A for 1 < s < k + £ such that

(€vy X oo X €y X €y X ... X ey )0
= (%m0 x (e}\l)m1 X (e}\k)m’c X (e}“)m’f+1 X ... X (elluz)m’“H
and
e = [TU\N"‘7Tk>\k’7—k+1u17""7—k+euz]
where
As={re{l,2,...;i—1,i+1,...n} |e,, =er}
for 1 <s <k and
As={ze{l,2,...;i—1i+1,....n} | e, =€, .}
for k+1< s <k+ ¢ Then define G; by
(Gi)ole) =
[7—1)\17 s 7Tk71)\k717 (i|Tk)Ak7 Tk+lulv s 7Tk+£l/«£]

Proposition 8.10. Let
G: C(On(l“k,l,g)) — C(Cn(l—‘k,g))

be the inclusion functor. Then both BG and BG; are
embeddings.

Proposition 8.11. For1l <1 <n,
Im BGNIm BG; = ¢
¢ ifi # .
Proposition 8.12. For functors G and G;, we have

and Im BG; N Im Béj =

sko(Sd (Cp(T'ky))) C Im BG I || Im BG;
=1

Theorem 8.13. For k,n € N, we have

X(Sd(Cn(Tke))) = x(Sd(Cn(Tk-1.)))
—|—nx(Sd (C’n_l(FM)))

n—1

—n [[(l+k+i-2)

i=1
Proof. We have the following equation:
XS (Cr(Tke))) = X(Sd(Cn(Tk-1,)))

+nx(Sd (Cr-1(T'k0)))
—4E(Sd (Cn(Tky)) = Y)

where Y = Im BGI][;; Im BG,;. The edge e connects
[TD\I,...,Tk 1>\k~—1’Tk+1H1"' T]H_gw] and
[Tiars s The1ag_y> (D)gs Tht 1,5 - -+ Thety,,) fOr an edge

e in Sd (Cn(FW)) — Y. Thus

E(Sd (Cn(Tre)) = Y)

la]=n—1 (N—l—al)! (n—l—al—a2)[
X X(a€+k—1)!
la|=n— 1
(+Fk+n-—23)!
- —1)!
n("—l)!(€+k—2)!(” )
n—1
= n][U+k+i-2)
i=1
as claimed. 0O

We can now determine x(Sd (Cy,(I'x¢))) by Theorem
[B.8 and Theorem [R.13l

Theorem 8.14. For k = 0,1,2,...
we have

X(5d (Cn(Tk,e)))

(l+Fk+n—2)!

ey (CUE G R

Proof. We induct on n. For n = 1, x(Sd (C1(T'ky))) =

and £ = 1,2,...,

(n — 1)k).

1—{since Sd (C1(Tky)) >~ Ty ¢, S'. Assume that
X(Sd (Cr(Tke))) =
(l+Fk+n—2)!
~ =T (2n—1)(f —1) + (n — 1)k)
for n <m — 1. We have
X(Sd (Cm<FO,€))) = X(Sd (Cma‘(),éfl)))
m—2
—m H (C+i—-1)(—-1)2m—1)
X(Sd (Cn(Toe))) = x(S5d(Cr(To,e-1)))
+mx(Sd (Crm-1(I'1,6-1)))
—-m H C+i—1)(20+m—3)
=1
and

X(8d (Crn—1(T'1-1))) =

—w(@m —3)(l—2)+ (m

(¢ —1)! ~2)
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by the inductive hypothesis. Then

({+m —2)!

X(Sd (Cr(Toyg))) = — (¢ —1)!

(2m —1)(¢ — 1)

since the sequence {x(Sd (Cpn,(Toe)))}o2, is satisfying
the following recurrence relation x(Sd (Cp,(I'p1))) =0
and

X(Sd (Cm(r0,€>)) = X(Sd (Cm(FO,Z—1)>)

—m [[(0+i—1)(¢ —1)(2m —1).

=1

For k # 0,
X(Sd (Crn(T'ke))) = X(Sd (Cra(Tk-1,6)))

—m [[(l+k+i-2)20+k—2)(m—1)

=2

since

X(Sd (Crn(Trp))) =

+mx(Sd (Crn—1(Tky)))

X(Sd (Crn(Tk-1,0)))

—m [[(C+k+i-2)

=1

and

X(8d (Crp1(T'k ) =
(l+k+m—3)!
U+ Ek—1)

by the inductive hypothesis. Then
X(3d (Cn(Tr))) =

 (l+k+m-—2)!
(1 k—1)

since the sequence {x(Sd (Cp,(T'kr)))}32, is satisfying
the following recurrence relation

(2m—=3)({ —1)+ (m — 2)k)

(2m —1)(¢ = 1) + (m — 1)k)

\(Sd (Con(To ) = —W@m—l)(z—m and
V(84 (Con(Ti))) = X(S4 (Cn(Th10)))
m—1

—m [[(l+k+i=2)(20+k—2)(m—1).

=2

As a consequence, we determine 71 (Cy,(I'x ¢))-
Theorem 8.15. If (k,¢) # (1,0), (2,0), (0,1), then
T (Cr(Trye)) = F
where

(l+k+n—2)!
(0 +k—1)

m=1

(Cn—=1)(l—1)+ (n—1)k).

Next, we study the projection map p : Cp,(I'kr) —
Cn(T'ke) /%Xy to determine the fundamental group
Wl(Cn(Fk7g)/En) of C’n(FW)/En

Since X, acts freely on the path-connected and Haus-
dorff space C,(X), it follows that the projection p :
Cn(X) — C,(X) /%, is a covering space projection. By
the classification theorem of covering spaces [[9], section
1.3], we have

[T1(Cn(X)/Zn, p()), o (m1 (Cr(X), %))
= ip7 (p(x)) = |2l = n!

The following result is used in order to determine
the rank of m (Cp,(T'kr)/X0).

Proposition 8.16 (|11
group Fy. If [Fy : H

). Let H be a subgroup of a free
| =n < oo, then

1. H is also free group.
2. H=F,, where m=1—n+nk.
Theorem 8.17. For (k,¢) # (1,0),(2,0),(0,1) and

n >3,
T (On(]-—‘k,f)/zn) = Fm
where
B 1 (+k+n—2)
m 1+n' (+ k=1 (Cn—1)({—1)+(n—1)k)
Proof. We have an isomorphism
T1(Cn(Tk,e)) = pi(m1(Cr(Trp)))

since the projection map p : C,(I'xe) = Cn(Tke)/Zn
is a covering space. Assume that m is the rank of
T (Cn(T'kye) /). Then

[Wl(cn(rk,f)/zn) :p*(WI(Cn(Fkl)))] = [Fon: Fol
= nl

where

;L (l+k+n—2)
m =1 +E=D) (2n—1)((—1)+ (n—1)k).
Hence

—1 “&;ﬁﬁf) (2n=1)(l=1) + (n— Dk)
since m’ =1 —n! + nlm. O
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