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Abstract

The main purpose of this paper is to study the existence of admis-
sible solutions of logistic delay differential equation of the form

w′(z) = w(z)[R(z, w(z)) +
k∑

j=1

bj(z)w(z − cj)]

by making use of Nevanlinna theory in complex analysis.

Keywords: Nevanlinna theory, delay-differential polynomial, hyper order.

MSC 2010. Primary 30D35.

1 Introduction

There are various delay differential equations primar-
ily taken from the biological sciences literature such as
population biology, physiology, epidemiology, and neu-
ral networks. The logistic equation

w′(z) = w(z)[b(z) + aw(z)]

with coefficient a, and b meromorphic on the complex
plane, is just the special case of the Riccati differential
equation

w′ = a0(z) + a1(z)w + a2(z)w2,

which was investigated by H.Wittich in 1960 using Ne-
vanlinna theory. Later on, many mathematicians stud-
ied extensively more general differential equations of
the Yosida-Malmquist type (see Bank and Kaufman
(1980) and Laine (1993)).

Throughout this paper, a meromorphic function f
means meromorphic in the complex plane C. If no poles
occur, then f reduces to an entire function. For every
real number x ≥ 0, we define log+x := max{0, logx}.
Assume that n(r, f) (resp. n̄(r, f)) counts the number
of the poles of f in |z| ≤ r counting multiplicity (resp.
ignoring multiplicity). By “admissible” we always mean
“transcendental”. A function a(z)(6≡ 0,∞) is called a
small function with respect to w(z) if T (r, a) = S(r, w),
where S(r, w) denotes any quantity satisfying S(r, w) =

o(T (r, w)) with r →∞ outside of a possible exceptional
set of finite logarithmic measure.

The Nevanlinna characteristic function of f is de-
fined by

T (r, f) := m(r, f) +N(r, f),
where

N(r, f) =
∫ r

0

n(t, f)− n(0, f)
t

dt+ n(0, f)logr

is called the counting function of poles of f and

m(r, f) = 1
2π

∫ 2π

0
log+|f(reiθ)|dθ

is called the proximity function of f . The first main
theorem in Nevanlinna theory states that

T

(
r,

1
f − a

)
= T (r, f) +O(T (r, f))

holds for every value a ∈ C. For more notations and
definitions of the Nevanlinna theory, one may refer to
Hayman (1964). Further basic results of the theory will
be introduced when needed.

Definition 1.1. For a meromorphic function w(z), the
order of w is defined by

ρ(w) = lim sup
r→∞

logT (r, w)
logr

and the hyper-order is defined by

ρ2(w) = lim sup
r→∞

loglogT (r, w)
logr

.

Definition 1.2. A delay-differential equation is a
differential-difference equation in which the derivative
and shifts are taken with respect to the same variable.

In [4], Halburd and Korheonen (2017) considered a
non-rational meromorphic solution w(z) of

w(z+1)−w(z−1)+a(z)w
′(z)
w(z) = R(z, w(z)) = P (z, w(z))

Q(z, w(z)
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where a(z) is rational, P (z, w) is a polynomial in w
having rational coefficients in z, and Q(z, w) is a poly-
nomial in w(z) with roots that are non-zero rational
functions of z and not roots of P (z, w). They proved
that if the hyper-order of w(z) is less than one, then

degw(P ) = degw(Q) + 1 ≤ 3

or degw(P ) ≤ 1
More recently, Song, Liu and Ma (see [10]), consid-

ered the properties of meromorphic solutions on non-
linear differential-difference (delay-differential) equation

c(z)w(z + 1) + a(z)w
′(z)
w(z) = R(z, w(z)) = P (z, w(z))

Q(z, w(z)
(1.1)

where a(z), c(z) are rational functions, P (z, w) is a poly-
nomial in w having rational coefficient in z, Q(z, w) is
a single variable polynomial in w with the roots that
are non-zero rational functions of z and not the roots
of P (z, w). They obtained the following theorem.
Theorem 1.3. [10] Let w(z) be a non-rational mero-
morphic solution of (1.1). If ρ2(w) < 1, then

degw(P ) = degw(Q) + 1 = 2 (1.2)

or the degree of R(z, w) as a rational function in w is
either 0 or 1.

This motivated us to study admissible solutions for a
more general form of the logistic type delay differential
equation

w′(z) = w(z)[R(z, w(z)) +
k∑
j=1

bj(z)w(z − cj)]

= w(z)

P (z, w(z))
Q(z, w(z)) +

k∑
j=1

bj(z)w(z − cj)

 (1.3)

with distinct delays c1, . . . , ck. In this paper, we prove
the following main result.
Theorem 1.4. Let {bj}kj=1 be meromorphic functions,
and let w be an admissible meromorphic solution of
(1.3), where the two non-zero polynomials P (z, w(z))
and Q(z, w(z)) in w with meromorphic coefficients are
prime to each other (that is, having no common fac-

tors). If lim sup
r−→∞

logT (r, w)
r

= 0, then degw(R) ≤ k+ 2,
where degw(R) = max{degw(P ), degw(Q)}.

Furthermore:
(i) If Q(z, w(z)) has at least one non-zero root, then
degw(P ) = degw(Q) + 1 ≤ k + 2.
(ii) If degw(Q) = 0(that is R(z, w(z)) degenerates to a
polynomial in w), then degw(P ) = degw(R) ≤ 1.

Notice that this result is an improvement and an
extension of Halburd and Korhoanen (2017) for k = 2

with rational coefficients. We remark that the conclu-
sion (ii) shows that whenever R(z, w(z)) degenerates
to a polynomial

P (z, w(z)) = amw(z)m+am−1w(z)m−1+· · ·+a1w(z)+a0

with meromorphic coefficients, each admissible mero-
morphic solution of the general form of (1.3) is gen-
erated to the admissible meromorphic solutions of the
logistic delay differential equation.
Example 1.5. Let n ≥ 4. It is easy to check that the
entire function w(z) = ee

z is an admissible solution of
the equation

w′(z) = w(z)(ez + wn(z)− w(z + logn)).
However, R(z, w(z)) = ez + wn(z) satisfies

degw(R) = n > k + 2 = 3,

and lim sup
r→∞

logT (r, w)
r

= 1
π
> 0. This shows the as-

sumption lim sup
r→∞

logT (r, w)
r

= 0 of the growth of solu-
tions in Theorem 1.4 is necessary.

2 Preliminaries

The first lemma below is the well known Lemma of log-
arithmic derivative for meromorphic function by Hay-
man (1964).
Lemma 2.1. Let f be an non-constant meromorphic
function. Then

m

(
r,
f ′(z)
f(z)

)
= O(logrT (r, f))

for all r /∈ E, where E is a set with finite logarithmic
measure E, i.e.,

lim sup
r→∞

∫
E
⋂

[1,r]

dt

t
<∞.

The following Lemma by Zheng and Korhonen (2018)
is useful in proving our main theorem.
Lemma 2.2. Let f be a non-constant meromorphic
function and let c ∈ C \ {0}. If

lim sup
r→∞

logT (r, f)
r

= 0,

then

m

(
r,

f(z + c)
f(z)

)
+ m

(
r,

f(z)
f(z + c)

)
= O(T (r, f)).

for all r /∈ E, where E is a set with zero upper density
measure E, i.e.,

dens E = lim sup
r→∞

∫
E
⋂

[1,r]
dt = 0.
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For the growth of meromorphic function, Halburd
and Korhonen (2017) obtained the following lemma.
Lemma 2.3. Let w be an admissible meromorphic so-
lution of P (z, w) = 0 where P (z, w) is a differential-
difference polynomial in w(z) with meromorphic co-
efficients small with respect to w. Let a1, . . . , ak be
meromorphic functions small with respect to w such
that P (z, aj) 6≡ 0 for all j = 1, . . . , k. If there exist
s > 0 and τ ∈ (0, 1) such that

k∑
j=1

n(r, 1
w − aj

) ≤ κτn(r + s, w) +O(1),

then
lim sup
r→∞

logT (r, f)
r

> 0.

3 Proof of Theorem 1.4

Let

• w′(z)
w(z) = R(z, w(z)) +

k∑
j=1

bj(z)w(z − cj)

• T (r, w
′(z)
w(z) ) =

T (r, R(z, w)) + T (r,
k∑
j=1

bj(z)w(z − cj)) + 0(logr)

• N(r, w
′(z)
w(z) ) =

degw(R)T (r, w) + kT (r, w(z, cj)) + S(r, w)
• degw(R)T (r, w)

≤ N̄(r, w(z)) + N̄(r, 1
w(z)) + kT (r, w) + S(r, w)

= (k + 2)T (r, w) + S(r, w)
• [degw(R)− (k + 2)]T (r, w) ≤ S(r, w).

=⇒ deg(R) ≤ k + 2

i.e., degw(P ) ≤ k + 2 and degw(Q) ≤ k + 2.
(i) Consider

w′(z)
w(z) +

k∑
j=1

bj(z)w(z − cj) = R(z, w(z))

= P (z, w(z))

Q̃(z, w(z))
n∏
j=1

[w(z)− dj(z)]lj
. (3.1)

where (l1, . . . , ln) ∈ Nn, Q̃(z, w(z)) is an irreducible poly-
nomial in w(z) having no common factor with P (z, w(z)),
d1, . . . , dn. are not roots of P (z, w(z)) and Q̃(z, w(z))
assume that z0 ∈ C is a zero of w(z)−dj(z) (for all j ∈
1, 2, . . . , n), say w(z)−d1(z) with multiplicity t, but not

a zero or a pole of any small meromorphic co-efficient
of (3.1) and P (z0, w(z0)) 6= 0.

By (3.1), we get at least one of w(z−cj)(j ∈ 1, 2, . . . ,
k), say w(z− c1) has a pole at z = z0 with multiplicity
at least (l1t). Shifting the equation (3.1) with −c1 gives

w′(z − c1)
w(z − c1) +

k∑
j=1

bj(z − c1)w(z − cj − c1) =

P (z − c1, w(z − c1))

Q̃(z − c1, w(z − c1))
n∏
j=1

[w(z − c1)− dj(z − c1)]lj

(3.2)

Then z0 is a pole of w′(z−c1)
w(z−c1) with simple multiplicity.

Case 1. Assume that degw(P ) ≤ degw(Q). Then
(3.2) implies that at least one of w(z − cj − c1) (for all
j ∈ {1, . . . , k}), say w(z − c2 − c1) has a pole at z = z0
with multiplicity at least one. This implies c1 + c2 6= 0.
Shifting the equation (3.2) with −c2 gives

w′(z − c2 − c1)
w(z − c2 − c1) +

k∑
j=1

bj(z − c2 − c1)W (z − cj − c2 − c1) =

P (z − c2 − c1, w(z − c2 − c1))

Q̃(z − c2 − c1, w(z − c2 − c1))
n∏

j=1

[w(z − c2 − c1) − dj(z − c2 − c1)]lj

This implies that z0 is a pole of w
′(z−c2−c1)
w(z−c2−c1) with simple

multiplicity.
Case 2. Assume that degw(P ) > degw(Q). Thus

(k + 2) ≥ degwP > degwQ = degw(Q̃) +
n∑
j=1

lj ≥ 1

Assume that degw(P )−degw(q) ≥ 2. We have assumed
that z0 ∈ C is a generic root of w(z)−dj(z) (for all j ∈
{1, . . . , k}), say w(z)− d1(z), with multiplicity t. Then
again by (3.1) we get that at lest one of w(z−cj)(for all
j ∈ {1, . . . , k}), has a pole at z = z0 with multiplicity
at least l1t again by (3.2) we get that z0 is a pole of

P (z − c1, w(z − c1))

Q̃(z − c1, w(z − c1))
n∏
j=1

[w(z − c1)− dj(z − c1)]lj

with multiplicity at least l1t (degw(P ) − degw(Q))(≥
2l1t), and thus at least one of w(z − cj − c1)
(for all j ∈ {1, . . . , k}), say w(z − c2 − c1), has a pole
at z = z0 with multiplicity at least 2l1t and again by
(3.3) we get that z0 is a pole of

P (z − c2 − c1, w(z − c2 − c1))

Q̃(z − c2 − c1, w(z − c2 − c1))
n∏

j=1

[w(z − c2 − c1) − dj(z − c2 − c2)]lj
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with multiplicity at least one of w(z− cj− c2− c1) (for
all j ∈ {1, . . . , k}), say w(z − c3 − c2 − c1), has a pole
at z = z0 with multiplicity at least 4l1t. We continue
the discussion in this way, at last, for the finite positive
value s : |c1|+ · · ·+ |ck|, we obtain that

n∑
j=1

n(r, 1
w − dj

) ≤

nmax
j=1

(
t

(1 + 2 + · · ·+ 2k)lj

)
n(r + s, w) + o(1)

= (n, τ)n(r + s, w) + o(1),

where τ ∈ (0, 1) in Lemma 2.3 Then we obtained again
that

lim sup
r→∞

logT (r, w)
r

> 0

by Lemma 2.3. This is a contradiction. Therefore, we
obtain that

(k + 2) ≥ dwgw(P ) = degw(Q) + 1.

(ii) Suppose that degw(Q) = 0 and thus R(z, w(z)) is a
polynomial, without loss of generality, we may assume
that R(z, w(z)) is just P (z, w(z)), then we rewrite (1.1)
to be

w′(z)
w(z) +

k∑
j=1

bj(z)w(z − cj) = P (z, w(z)) (3.3)

Thus, w must have finite many zeros and poles, or have
infinitely many zeros and poles such that N(r, 1

w ) =
o(T (r, w)), andN(r, w) = o(T (r, w)) respectively. Then
by Weierstrass factorization theorem of entire functions
(see for example [3] and [12]). We may assume that

w(z) = f(z)eg(z), (3.4)

Where f is a meromorphic function such that

T (r, f) +O(1) = max{N(r, 1
f

), N(r, f)}

= o(T (r, w)) (3.5)

and g is a non-constant entire function such that

T (r, eg) = T (r, w). (3.6)

substituting (3.5) into (3.4), we get

[f
′(z)
f(z) + g′(z)] +

k∑
j=1

bj(z)eg(z−cj) = P (z, f(z)eg(z))

and thus,

(f
′(z)
f(z) + g′(z)) +

 k∑
j=1

bj(z)eg(z−cj)−g(z)

 eg(z)

= P (z, f(z)eg(z)) (3.7)

Now it follows from Lemma 2.1, Lemma 2.3, (3.6) and
(3.7) shows that

max

T (r, f
′(z)
f(z) + g′(z)), T

r, k∑
j=1

bj(z)eg(z−cj)−g(z)


= o(T (r, w)).

Hence, by taking the Nevanlinna characteristic on both
sides of (3.7), we derive

degw(P )T (r, w) = T (r, P (z, f(z)eg(z))
= T (r, w) + o(T (r, w)).

This contradicts the assumption of degw(p) ≥ 2. There-
fore it should be degw(P ) ≤ 1.

4 Conclusion

The aim of this note is to study the admissible solutions
of the logistic type of delay differential equation given in
equation (1.3). After several observations we are led to
conclude that degw(P ) = degw(Q) ≤ 1 is best solution
in the delay differential equations. The classical logistic
equation is applied to describe population growth in
a limited environment, and the logistic equation also
plays an important role in models involving two or more
interacting populations.
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