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Some rings of invariants that are
Gorenstein
Tamir Buqaie

Abstract

Let G be a finite subgroup of SL(V ) and let V be a 3-dimensional
vector space over a finite field F of positive characteristic p, which
divides |G|. We denote by S(V ) the symmetric algebra and by
S(V )G the subring of G-invariants. Let T (G) be the transvec-
tions group. In this paper, we classify the Gorenstein rings of the
form S(V )G, where V is a decomposable G-module of the form
V = Fv⊕W with Fv and W being G-submodules with dimF W = 2.
There are several cases for T (G) and W , so for each of them we
provide a sufficient and necessary condition (G as above) to ensure
the Gorenstein property of S(V )G.
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1 Introduction

The Gorenstein rings play an important part, as Noethe-
rian rings do, in commutative algebra and algebraic ge-
ometry. The study of the relationship between injective
dimension, global dimension of rings and modules, and
homological algebra has occupied most of the studies
on Gorenstein rings [4].

Let G ⊂ SL(V ) be a finite subgroup of SL(V ). Let
F be a field with characteristic char F = p > 0 dividing
|G| (the order of G), V a 3-dimensional F-vector space
and S(V ) the symmetric algebra of V . We denote by
S(V )G the subring of G-invariants. In this paper, we
consider V , a decomposable G-module of the form

V = Fv ⊕W

where Fv, W are G-submodules with dimFW = 2. Our
aim is to give conditions for when S(V )G is Gorenstein
(Definitions in §2).

Eagon and Hochster proved in [6] that if G ⊂ GL(V )
is a finite group, then S(V )G is Cohen Macaulay ring
for all nonmodular groups, i.e., when |G| is prime to
p, but S(V )G often fails to be Cohen-Macaulay in the

modular case, i.e., when p divides |G|. A special exam-
ple is given in [8, Theorem 1.2]: if F is a field of posi-
tive characteristic p, V is a faithful representation of a
non-trivial p-group P, and mV denotes the faithful rep-
resentation of G formed by taking the direct sum of m
copies of V , then S(mV )P is not Cohen-Macaulay when
m ≥ 3. It is known however that if G ⊂ GL(V ), and
dimF V = 3, then S(V )G is always a Cohen-Macaulay
ring, even in the modular case [11, Proposition 5.6.10].
This fact makes the 3-dimensional case special since
the Cohen-Macaulay property is a necessary condition
to be Gorenstein.

Recall that g ∈ GL(V ) is a pseudo-reflection if g has
a finite order and rank(g− I) = 1, where I denotes the
unit matrix. A pseudo-reflection is called a transvection
if it is not diagonalizable. Hence, if G ⊂ SL(V ), then
all the pseudo-reflections are transvections. We denote
by T (G) the G-subgroup generated by all transvections
in G and by W (G) the G-subgroup generated by all
pseudo-reflections in G. Given a basis {v1, ..., vn} of V,
and g ∈ G, then g(vi) = ∑n

j=1 aijvj , aij ∈ F where the
matrix A := (aij), representing g, acts on coordinates
(=row vectors) from the right. Consequently, if we fix
a basis {v, w1, w2} for V such that W = Fw1 + Fw2,
then for every g ∈ G, since V = Fv ⊕W , the matrix
representation of g with respect to this basis has the
following form:

g =

 λ1(g) 0 0
0 λ2(g) λ3(g)
0 λ4(g) λ5(g)

 ,
where λi(g) ∈ F for 1 ≤ i ≤ 5. This matrix acts on the
basis {v, w1, w2} as follows:

g(v) = λ1(g)v,
g(w1) = λ2(g)w1 + λ3(g)w2, and
g(w2) = λ4(g)w1 + λ5(g)w2

Our characterization of the Gorenstein property of
S(V )G will proceed in steps subdivided into 3 cases:

1. W is an irreducible and primitive T (G)-module.
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2. W is a reducible T (G)-module.
3. W is an irreducible and imprimitive T (G)-module.

In our main Proposition 3.1, we provide a sufficient and
necessary condition for G as above to ensure the Goren-
stein property of S(V )G. By means of this condition, we
handle each of the three cases above, and provide new
conditions on S(V )G to be Gorenstein. In other words,
we translate separately the meaning of the condition
stated in Proposition 3.1 when we focus on each case.
This is presented in Propositions 3.2, 3.3, 3.4 and 3.5
which are the new results of this paper.

This work is part of my M.Sc. thesis under the su-
pervision of Professor Amiram Braun. The proofs are
based on some computations and specific techniques by
A. Braun in [3].

Acknowledgment: I would like to thank Professor
Amiram Braun, my M.Sc. thesis advisor, for his con-
tribution to this thesis from which this project derives.
I am also grateful to the referees whose suggestions
greatly improved this paper.

2 Preliminaries

If R is a commutative Noetherian ring and M is a
finitely generated R-module, an element a ∈ R is regu-
lar for M provided that 0 6= M 6= aM and if am = 0
for m ∈ M then m = 0 (i.e., a is not a divisor on M).
A sequence x1, ..., xr ∈ R is a regular sequence for M
if each xi is regular for M/(x1M + ... + xi−1M). The
depth ofM is the length of the longest regular sequence
for M . One defines the ring R or the module M to be
Cohen-Macaulay if its depth is equal to its Krull di-
mension.

Recall that an ideal I in a commutative ring is called
irreducible if whenever I = I ′∩I ′′ for ideals I ′, I ′′ , then
either I = I ′ or I = I

′′ . If R is Noetherian, a param-
eter ideal for R is an ideal generated by a system of
parameters for R. A commutative Noetherian ring R
is called Gorenstein if it is Cohen-Macaulay and ev-
ery parameter ideal is irreducible. As for regular rings,
the Gorenstein rings can be characterized in terms of
homological algebra [4].

We start with the following useful result of Fleis-
chmann - Woodcock and A. Braun.
Theorem 2.1. (A.Braun [2], Fleischmann-Woodcock [7])
Suppose that S(V )G is Cohen-Macaulay and S(V )W (G)

is a polynomial ring. Then S(V )G is Gorenstein if and
only if G/W (G) ⊆ SL(m/m2), where m is the unique
homogenous maximal ideal of S(V )W (G) and W (G) is
the G−subgroup generated by all pseudo-reflections (of
all types).

The next two results are useful.
Lemma 2.2. Suppose that G ⊂ SL(V ). Then W is a
faithful G-module.

Proof. Let 1G 6= g ∈ G , with g|W = Id. Then

g =

 λ(g) 0 0
0 1 0
0 0 1

 ,
where g(v) = λ(g)v , for all g ∈ G. Since G ⊂ SL(V ) ,
λ(g) = 1 and therefore g =

( 1 0 0
0 1 0
0 0 1

)
, a contradiction.

The next result does not require the assumption V =
Fv ⊕W.
Lemma 2.3. Suppose that G ⊂ SL(V ) and U a 1-
dimensional G− submodule. Then U ⊆ ker(σ − I) for
all transvections σ in G. Equivalently, T (G) acts triv-
ially on U.
Proof. Let σ ∈ T (G) be a transvection, σ 6= I, and
M = ker(σ − I). Suppose that Fu = U 6⊂ M. Then
with respect to a basis {u,m1,m2},m1,m2 ∈ M, we
have:

σ =

λ(σ) 0 0
0 1 0
0 0 1

 ,
where σ(u) = λ(σ)u and σ|M = Id. But G ⊂ SL(V ),
therefore λ(σ) = 1, implying that σ = I, a contradic-
tion.

3 Main Results

Our first Proposition provides a sufficient and necessary
condition for G, with the assumptions in §2, to ensure
the Gorenstein property of S(V )G.
Proposition 3.1. Let G ⊂ SL(V ) be a finite group and
V = Fv⊕W a decomposition of V into G−submodules
with dimFW = 2. Then the following are equivalent:
1. S(V )G is Gorenstein.

2. det(gW ) = det(gm/m2), for each g ∈ G, where m is
the unique homogenous maximal ideal of S(W )T (G),
and gW , gm/m2 are the restrictions of g on W and
m/m2 respectively.

Proof. By Lemma 2.3 S(V )T (G) = S(W )T (G)[v]. Now
by [10], S(W )T (G) = F [a1, a2] is a polynomial ring,
where m = (a1, a2). Let P be the unique homoge-
nous maximal ideal of S(V )T (G), then P = (a1, a2, v).
By Theorem 2.1 S(V )G is Gorenstein if and only if

1 = det(gP/P 2) = λ(g)det(gm/m2),
where g(v) = λ(g)v, for all g ∈ G. Since G ⊂ SL(V ),
det(gW ) = λ(g)−1, hence S(V )G is Gorenstein if and
only if det(gW ) = det(gm/m2), for each g ∈ G.

Now we handle each of the three cases that we men-
tioned in the introduction, and translate the previous
condition of Proposition 3.1 to other conditions sepa-
rately.
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Case 1: W is an irreducible and primitive
T(G)-module
Denote by TW (G) = T (G)|W the restriction of T (G) on
W. The transvection groups TW (G) have been classified
by Kantor whenever TW (G) is an irreducible primitive
linear group, see [9, Theorem 1.5] and [12]. So with the
above notation one of the following holds:
(i) TW (G) = SL(2,Fq), where p|q (p divides q).
(ii) TW (G) ∼= SL(2,F5), TW (G) ⊂ SL(2,F9) and F9 ⊆

F.
We now consider the above item (i).

Proposition 3.2. Suppose G ⊂ SL(V ) is a finite group
with TW (G) = SL(2,Fq), where q = ps and Fq ⊆
F. Then S(V )G is Gorenstein if and only if GW ⊂
GL(2,Fq2), where GW is the restriction of G on W.

Proof. Recall from [1, Theorem 8.2.1] that

S(W )T (G) = S(W )SL(2,Fq) = F [u, c21],
where u = xyq − yxq, deg(u) = q + 1 and c21 =
xyq

2 − yxq2

u
, deg(c21) = q2 − q. Let g ∈ G and set

gW =
(
a b
c d

)
the restriction of g on W with respect to

the basis {x, y} of W. So (g−1)W = 1
det(g|W )

(
d −b
−c a

)
.

Since T (G) is a normal subgroup of G, we get after
restriction on W that

(gW )
(

1 1
0 1

)
(g−1)W = 1

det(gW )
(
a b
c d

)(
1 1
0 1

)(
d −b
−c a

)
= 1

det(gW )
(
ad−bc−ac a2

−c2 ad−bc+ac

)
is in SL(2,Fq). Similarly,

(gW )
(

1 0
1 1

)
(g−1)W

= 1
det(gW )

(
ad−bc+bd −b2

d2 ad−bc−bd

)
∈ SL(2,Fq).

Set e = det(gW ) = ad− bc. Then

ac

e
,
a2

e
,
c2

e
,
b2

e
,
d2

e
,
bd

e
∈ Fq.

Assume firstly that a 6= 0. Then γ := c

a
=

( c2

e )
(ace ) ∈ Fq.

If b 6= 0 then µ := d

b
=

( bde )
( b2

e )
∈ Fq. Hence

e = ad− bc = abµ− baγ = ab(µ− γ)
and therefore

β := b

a
= ab(µ− γ)
a2(µ− γ) = e

a2(µ− γ) ∈ Fq,

as well as δ := d

a
= µb

a
= µβ ∈ Fq. If b = 0 then take

β = 0 and δ := d

a
= ad

a2 = e

a2 ∈ Fq. So in both cases
b = aβ, c = aγ, d = aδ, where β, γ, δ ∈ Fq. Therefore
gW =

(
a 0
0 a

)(
1 β
γ δ

)
= aIW

(
1 β
γ δ

)
, with h :=

(
1 β
γ δ

)
∈

GL(2,Fq).
If a = 0 then e = det(gW ) = −bc implies b 6= 0 6= c.

So we get equality gW =
(
c 0
0 c

)(
0 β
1 δ

)
with c replacing

a and β, δ ∈ Fq. Recall from [11, Ex.1, P. 104] that c21
is a Dickson invariant of SL(V )GL(2,Fq). Consequently
if a 6= 0 we get

gW (c21) = (aIW )(h(c21)) = aq
2−qc21.

If aq = a, bq = b, cq = c, dq = d, we get

gW (u) = gW (x)gW (y)q − gW (y)gW (x)q
= (ax+ by)(cx+ dy)q − (cx+ dy)(ax+ by)q

= (ad− bc)(xyq − yxq) = det(gW )u.

Let M = Fu + Fc21 be the 2−dimensional subspace of
the polynomial ring S(W )T (G) = F[u, c21], m = (u, c21),
so m/m2 ∼= M. Then the matrix representing gM , the
restriction of g on M, with respect to the basis {u, c21}
is
(
det(gW ) 0

0 aq2−q

)
. Therefore since aq = a, the condition

of Proposition 3.1 : det(gW ) = det(gm/m2) = det(gM )
is equivalent to:

det(gW ) = det(gW )aq2−q = aq
2−1det(gW ).

Hence it is equivalent to aq2−1 = 1, namely a ∈ Fq2 .
Using h ∈ GL(2,Fq), this is also equivalent to gW =(
a b
c d

)
∈ GL(2,Fq2). A similar conclusion is obtained if

a = 0.
We next consider the above item (ii).

Proposition 3.3. Suppose G ⊂ SL(3,F) is a finite
group with TW (G) ∼= SL(2,F5), TW (G) ⊆ SL(2,F9)
and F9 ⊆ F . Then S(V )G is Gorenstein if and only
if GW ⊆< TW (G), ηIW >, where η is a 20th-primitive
root of unity.

Proof. Recall from [9] that

S(W )SL(2,F5) = F[f10, f12],

where

f10 = x9
1x2 − x1x

9
2,

f12 = x12
1 + x10

1 x
2
2 − x6

1x
6
2 + x2

1x
10
2 − x12

2 .

Let g ∈ G, choose ξ ∈ F̄ such that ξ2det(gW ) = 1.
Hence ĝW := ξIW g

W ∈ SL(2, F̄) where F̄ is the alge-
braic closure of F. It is proved in [3, Proposition 3.7]
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that the normalizer of TW (G) in SL(2,F) is TW (G).
This is true for any field Fq ⊂ F and in particular for
F̄. Now ĝW normalizes TW (G) since gW and ξIW are
such. Also ĝW ∈ SL(2, F̄), so ĝW ∈ TW (G). Hence(
ξ 0
0 ξ

)
= ĝW (g−1)W ∈ (TW (G))(GW ) = GW .

Consequently GW ⊆ 〈TW (G), ( η 0
0 η

)
|η ∈ F̄〉. Since(

ξ 0
0 ξ

)
gW = ĝW ∈ TW (G) = SL(2,F5), we get that

ĝW (f10) = f10 and ĝW (f12) = f12, which implies that
gW (f10) = ξ−10f10 and gW (f12) = ξ−12f12. Let U =
Ff10 +Ff12 be the 2−dimensional subspace of the poly-
nomial ring S(W )SL(2,F5) = F[f10, f12], m = (f10, f12),
so m/m2 ∼= U. Then gU , the matrix representing the re-
striction of g on U with respect to the basis {f10, f12} is(
ξ−10 0

0 ξ−12

)
. Therefore, by Proposition 3.1 , det(gW ) =

det(gm/m2) = det(gU ) is translated into ξ−2 = ξ−22 or
ξ20 = 1. Therefore S(V )G is Gorenstein if and only if
GW ⊆ 〈TW (G), ηIW 〉, where η ∈ F̄ is a primitive 20th
root of unity.

Case 2: W is a reducible T(G)-module
We now consider case 2, namely the possibility of W
being a reducible T (G)-module.
Proposition 3.4. Let G ⊂ SL(3,F) be a finite group.
Assume that W is a reducible T (G)-submodule. Then
S(V )G is Gorenstein if and only if

GW ⊆ {
(
a e
0 d

)
|apn−1 = 1, a, e, d ∈ F},

where p is the characteristic of F and

TW (G) = 〈σ1〉 × · · · × 〈σn〉.

Proof. Let gW =
(
a e
c d

)
∈ GW ⊂ GL(2,W ), and set

ĝW := ξIW g
W ,

with det(ĝW ) = ξ2det(gW ) = 1. Since W is a reducible
TW (G)-module, there exists a basis {x1, x2} in which
TW (G) ⊆

(
F F
0 F

)
. The computations of A.Braun in [3,

Theorem 3.1, p. 244-245] with ĝW =
(
ξa ξe
ξc ξd

)
show that

ξc = 0, hence c = 0 and ĝW =
(
ξa π
0 ξd

)
, where π ∈ F,

and ĝm/m2 =
(

(ξa)pn 0
0 ξd

)
. We have by [3, Theorem 3.1,

p. 244] that TW (G) = 〈σ1〉 × · · · × 〈σn〉 is elementary
abelian group, where σi is a transvection of the form(

1 αi
0 1

)
, for i = 1, ..., n, and {α1, ..., αn} are linearly in-

dependent over Fp. Here m = (b, x2) is the maximal
homogenous ideal of S(W )T (G), where b is defined in
[3, Theorem 3.1, p. 245] as an invariant of degree pn.
Recall now that gW =

(
a e
0 d

)
, and det(gW ) = ad. Hence

we have the following:


ĝW (b) = (ξa)pn

b = ξp
n
ap

n
b

gW (b) = (ξ−1IW )ĝW (b) = ξ−p
n
ξp

n
ap

n
b = ap

n
b

ĝW (x2) = (ξd)(x2)
gW (x2) = (ξ−1IW ĝ

W )(x2) = (ξ−1ξd)x2 = dx2

Therefore gm/m2 =
(
apn 0

0 d

)
. Consequently

det(gm/m2) = ap
n

d = ap
n−1(ad) = ap

n−1det(gW ).

Hence, by Proposition 3.1 S(V )G is Gorenstein if and
only if apn−1 = 1. In other words S(V )G is Gorenstein
if and only if GW ⊆ {

(
a e
0 d

)
|apn−1 = 1, b, e ∈ F}.

Case 3: W is an irreducible and imprimitive
T(G)-module
It is known that in this case, TW (G) is a monomial
subgroup (see [13]). Recall that H ⊂ GL(W ) is called
monomial if W has a basis with respect to which the
matrix of each element of H has exactly one non-zero
entry in each row and column. If charF 6= 2, then
by [3, Lemma 3.9.] TW (G) = 1. This contradicts the
assumption that W is an irreducible TW (G)−module.
Hence we only deal with p = 2.
Proposition 3.5. Assume that p = 2. Let G ⊂ SL(3,F)
be a finite group with TW (G) acting imprimitively and
irreducibly on the submoduleW . Then S(V )G is Goren-
stein if and only if GW ⊆< TW (G), δIW >, where δ is
a primitive d− th root of unity and d is defined in the
proof.
Proof. Let {x1, x2} be a basis of W. Let {g1, ..., gn} be
the set of transvections generating TW (G). Since W is
an irreducible T (G)-module, n ≥ 2. Since gi is a mono-
mial, then either gi =

(
∗ 0
0 ∗

)
or
(

0 ∗
∗ 0

)
, for i = 1, ..., n.

The first possibility leads, as in [3, Lemma 3.9.] to
gi = IW . So gi =

( 0 αi

α−1
i 0

)
, for i = 1, ..., n, with re-

spect to the basis {x1, x2} ofW. Let nij be the minimal
number such that (gigj)nij = 1, where i 6= j, clearly
g−1
i = gi for i = 1, ..., n. Also nij = nji > 1, and since
char F = 2, nij is odd. Recall that S(W )T (G) is a poly-
nomial ring [10, Theorem 2.4]. We next compute the
actual generators of S(W )T (G).

Let [(TW (G)), (TW (G))] = 〈gigjgigj〉 be the com-
mutator subgroup of TW (G). We have (g1g2)n12 = 1.
Therefore g2 = (g1g2)n12g2 = (g1g2)n12−1(g1g2)g2 =
(g1g2)n12−1g1. But since n12 is odd, n12 − 1 is even.
Hence

g2 = (g1g2g1g2)
n12−1

2 g1 ∈ [TW (G), TW (G)]g1.

This similarly holds for gi, i ≥ 3, hence

|(TW (G))|
|([TW (G), TW (G)])| = 2.
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Let d = lcm{nij |i < j}. Since

gigjgigj =
(
αiα

−1
j αiα

−1
j 0

0 α−1
i αjα

−1
i αj

)
,

it follows that [(TW (G)), (TW (G))] = {
(
ζ 0
0 ζ−1

)
|ζd = 1}.

Since (αiα−1
j )nij = 1 it follows that αnij

i = α
nij

j . Conse-
quently αdi := β for i = {1, 2, 3, .., n}.

Now we have:
1. gi(xd1 + αdi x

d
2) = gi(x1)d + αdi gi(x2)d

= αdi x
d
2 + αdi (α−1

i x1)d = xd1 + αdi x
d
2.

2. gi(x1x2) = gi(x1)gi(x2) = αix2 · α−1
i x1 = x1x2.

Hence {x1x2, x
d
1 + βxd2} ∈ S(W )T (G) and

deg(x1x2) deg(xd1 + βxd2) = 2d = |TW (G)|.

So by [5, Theorem 3.7.5] we get that

S(W )T (G) = F[x1x2, x
d
1 + βxd2]

is a polynomial ring. Let gW =
(
a b
c d

)
and set ĝW =

ξIW g
W , where ξ2det(gW ) = 1. Now the computations

of A. Braun in the proof of [3, Proposition 3.10], with
ĝW ∈ SL(2,F) show that ĝW ∈ TW (G). Therefore we
have:
(i) gW (x1x2) =

(
ξ−1 0

0 ξ−1

)
ĝW (x1x2) = ξ−2x1x2.

(ii) gW (xd1 + βxd2) =
(
ξ−1 0

0 ξ−1

)
ĝW (xd1 + βxd2)

=
(
ξ−1 0

0 ξ−1

)
(xd1 + βxd2) = ξ−d(xd1 + βxd2).

Consequently, gm/m2 =
(
ξ−2 0

0 ξ−d

)
, where

m/m2 = U = F(x1x2) + F(xd1 + βxd2).

So
det(gm/m2) = ξ−2ξ−d = det(gW )ξ−d,

and det(gW ) = det(gm/m2) if and only if ξ−d = 1. Con-
sequently, by Proposition 3.1 S(V )G is Gorenstein if
and only if GW ⊆ 〈TW (G), δIW 〉 where δ is a primitive
d− th root of unity.

Corollary 3.6. Suppose G ⊂ SL(3,Fp), and V = Fpv⊕
W a decomposition of V = F3

p into G-submodules. Then
S(V )G is Gorenstein.

Proof. This is a consequence of Proposition 3.2, Propo-
sition 3.3, Proposition 3.4 and Proposition 3.5.
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