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Dirichlet polynomials form a topos
David I. Spivak and David Jaz Myers

Abstract

One can think of power series or polynomials in one variable, such as %(2) = 223 + 2 + 5, as covariant functors from the
category Set of sets to itself; these are known as polynomial functors. In this paper, we will explore the contravariant
analogue of polynomial functors which we call Dirichlet functors, since they are to Dirichlet series as polynomial functors
are to power series. We discuss how both polynomial functors and their Dirichlet analogues can be understood in terms
of bundles, and go on to prove that the category of Dirichlet polynomials is an elementary topos. We also characterize
Dirichlet functors as those contravriant functors that commute with connected limits, dualizing the well known similar
characterization of polynomial functors. Finally, we generalize these results to contravariant functors of homotopy types,
allow us to categorify Dirichlet series with their usual negative exponents.
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1 Introduction

Polynomials %(2) and finite Dirichlet series �(2) in one variable †, with natural number coefficients
08 ∈ N, are respectively functions of the form

%(2) = 0=2
= + · · · + 022

2 + 012
1 + 002

0,

�(2) = 0==
2 + · · · + 0222 + 0112 + 0002.

(1.1)

We may interpret the formal expressions %(2) and �(2) as functions N→ N by regarding 2 as
a variable number. So far, so trivial. But natural numbers arise first and foremost as the counts of
things: the cardinalities of finite sets. We can interpret the above expressions not just as functions
N→ N, but as functors Fin→ Fin.

We do this first by remembering that the cardinality of a product 0 × 1 of finite sets 0 and 1 is
the product of their cardinalities; also the cardinality of the disjoint union 0 + 1 is the sum of the
two cardinalities. Finally, the cardinality of the set 01 of functions from 1 to 0 is the corresponding
exponential of their cardinalities. Putting these observations together, for finite sets 0: and 2, we
can interpret the monomial 0:2: as the cartesian product of 0: with the set of functions from the
fixed :-element set {0, . . . , : − 1} to 2. We can then interpret a sum of these monomial terms as the
disjoint union of the corresponding sets.

In this way, we can see both %(2) and �(2) as giving functions of finite sets. These functions
can moreover be promoted to functors in a straightforward way — either by post-composition in
the case of %(2) or pre-composition in the case of �(2). Explicitly, for a function 5 : 2 → 2

′, we
have a function %( 5 ) : %(2) → %(2′) which sends a pair (G, ,) ∈ 0:2: in each summand to the pair
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(G, 5 ◦ ,); and also a function �( 5 ) : �(2′) → �(2) given by sending a pair (G, ,) in each summand
to (G, , ◦ 5 ). In short, we have polynomial and Dirichlet functors % : Fin→ Fin and � : Finop → Fin.

These aren’t just any functors, of course. If we note that the cartesian product 0:2: can also be
understood as the disjoint union

∑
G∈0: 2

: (the set theoretic content of the old adage that multipli-
cation is repeated addition), we see that ultimately the polynomial functors are precisely the sums
of the pure monomial terms 2

: which send a finite set 2 to the set Fin(:,2) of functions from the
standard :-element set to 2, and which act on morphisms :′→ : by precomposition. These functors
2
: are the (covariant) representable functors, and so we see that polynomial functors are just the

finite sums of representable functors Fin→ Fin. Dually, the Dirichlet functors are the finite sums of
the contravariant representable functors :2 = Fin(2, :).
Definition 1.1. The category of polynomial functors, denoted Poly, is the full subcategory of FinFin

spanned by sums % of representable functors. The category of Dirichlet functors, denoted Dir, is the
full subcategory of Fin(Finop) spanned by the sums � of representable presheaves.

The category Poly is well studied (see [GK12]). In particular, the following are equivalent:
Theorem 1.2. [GK12] For a functor % : Fin→ Fin, the following are equivalent:
1. % is polynomial.
2. % is a sum of representables.
3. % preserves connected limits – or equivalently, wide pullbacks.

We will prove an analogous result characterizing Dirichlet polynomials:
Theorem 1.3. For a functor � : Finop → Fin, the following are equivalent:
1. � is a Dirichlet polynomial.
2. � is a sum of representables.
3. � sends connected colimits to limits – or equivalently, � preserves wide pushouts.

We will also show that Dir is equivalent to the arrow category of finite sets,

Dir ' Fin→,

and in particular that Dir is an elementary topos.
If one allows arbitary sums of functors represented by finite sets, one gets analytic functors in

the covariant case—first defined by Joyal in his seminal paper on combinatorial species [Joy81]—
and Dirichlet functors in the contravariant case—first defined by Baez and Dolan and appearing in
Baez’s This Week’s Finds blog [BD]. But, a Dirichlet series is usually expressed as a sum of negative
exponents:

∞∑
8=0

0:=
−B .

How could we recover these negative exponents when sets don’t have negative cardinality?
Baez and Dolan find a nice way to get negative exponents back by moving to groupoids. While

we will begin this paper by dropping the negative sign and working with finite sets to keep things as
simple as possible, we will end it in Section 4 by showing that the results extend not only to all sets
and all groupoids, but all homotopy types as well. This will let us recover the negative sign in the
usual definition of Dirichlet series.

A reader who is unfamiliar with ∞-categories and homotopy types may stop before Section 4 with
the knowledge that they have taken the key ideas from this paper. However, we hope that including
this generalization might spark your interest in homotopical mathematics generally, and homotopy
cardinality in particular.
Acknowledgments: The authors thank Joachim Kock, André Joyal, Brendan Fong, and our
reviewer for helpful comments that improved the quality of this note. Spivak appreciates support by
Honeywell Inc. as well as AFOSR grants FA9550-17-1-0058 and FA9550-19-1-0113. Myers is grateful
for the support of Tamkeen under the NYU Abu Dhabi Research Institute grant CG008.
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2 Polynomial and Dirichlet functors

Recall that a co-representable functor Fin→ Fin is one of the form Fin(:,−) for a finite set

: = {‘1′, ‘2′, . . . , ‘:′}.

We denote this functor by 2
: and say it is represented by : ∈ Fin. Similarly, a (contra-) representable

functor Finop → Fin is a contravariant functor of the form Fin(−, :); we denote this functor by :2.
The functors 2− and −2 are the contravariant and covariant Yoneda embeddings,

2
: B Fin(:,−) and :2 B Fin(−, :).

For example 2
3(2) � 8 and 32(2) � 9.

Note that the functor 02 � 0 is not the initial object in FinFinop
; it is given by

02(B) =
{
1 if B = 0
0 if B ≥ 1.

The coefficient 00 of 1 = 2
0 in a polynomial % is called its constant term. We refer to the coefficient

�zc B 00 of 02 in a Dirichlet series � as its zero-content term. Rather than having no content, the
content of the functor �zc·02 becomes significant exactly when it is applied to zero.
Example 2.1. The reader can determine which finite Dirichlet series �(2) as in Eq. (1.1) has the
following terms

2 · · · 5 4 3 2 1 0
�(2) · · · 96 48 24 12 6 7

Hint: its zero-content term is �zc = 4.

The set %(1) (resp. the set �(0)) has particular importance; it is the set of pure-power terms 2: in
% (resp. the pure-exponential terms :2 in �). For example if % = 2

2 + 42+ 4 and � = 22 + 4+ 4·02
then %(1) = �(0) = 9.
Definition 2.2. A polynomial functor is a functor % : Fin→ Fin that can be expressed as a sum of
co-representable functors. Similarly, we define a Dirichlet functor to be a functor � : Finop → Fin
that can be expressed as a sum of representable presheaves (contravariant functors):

% =

%(1)∑
8=1

2
?8 and � =

�(0)∑
8=1
(38)2. (2.1)

That is, %(-) = ∑%(1)
8=1 Fin(?8 , -) and �(-) =

∑�(0)
8=1 Fin(-, 38) as functors applied to - ∈ Fin.

Note that Definition 2.2 generalizes to any category, but it is not generally equivalent to the usual
definition of polynomial functor, defined on any locally cartesian closed category; see [GK12].

For any small category �, let Fin� denote the category whose objects are the functors � → Fin
and whose morphisms are the natural transformations between them.

Definition 2.3. The category of polynomial functors, denoted Poly, is the full subcategory of FinFin

spanned by sums % of representable functors. The category of Dirichlet functors, denoted Dir, is the
full subcategory of Fin(Finop) spanned by the sums � of representable presheaves.

While we will not pursue it here, one can take PolySet to be the full subcategory of functors
Set→ Set spanned by small coproducts of representables, and similarly for DirSet. In Section 4, we
will extend these definitions further to functors of homotopy types. But for now, we stick with finite
sets for concreteness.
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Lemma 2.4. The number of polynomial maps % → & and Dirichlet maps � → � are given by the
following formulas:

Poly(%, &) B
∏
8∈%(1)

&(?8) and Dir(�, �) B
∏
8∈�(0)

�(38).

Example 2.5. Let % = 222, & = 2 + 1, and let � = 2 · 22 and � = 1 + 02. Then there are nine (9)
polynomial morphisms % → &, zero (0) polynomial morphisms & → %, one (1) Dirichlet morphism
� → �, and eight (8) Dirichlet morphisms �→ �.
Remark 2.6. Sums and products of polynomials in the usual algebraic sense agrees exactly with
sums and products in the categorical sense: if % and & are polynomials, i.e. objects in Poly, then
their coproduct is % + & and their p nroduct is %&. The same is true for Dir: sums and products
of Dirichlet polynomials in the usual sense agree exactly with sums and products in the categorical
sense.

3 Poly and Dir in terms of bundles

There is a bijection between the respective object-sets of these two categories

Ob(Poly) �−→ Ob(Dir)
=∑
8=1

2
:8 ↦→

=∑
8=1
(:8)2. (3.1)

We call this mapping the Dirichlet transform and denote it using an over-line % ↦→ %. We will see in
Theorem 3.6 that this bijection extends to an equivalence Polycart � Dircart between the subcategories
of cartesian maps.
Proposition 3.1. There is a one-to-one correspondence between the set of polynomials in one vari-
able, the set of Dirichlet polynomials, and the set of (isomorphism classes of) functions � : B → C
between finite sets.

Proof. We already established a bijection % ↦→ % between polynomials and finite Dirichlet series in
Eq. (3.1).

Given a finite Dirichlet series �, we have a function �!0 : �(1) → �(0) where !0 : 0 → 1 is
the unique map from the empty set to the terminal set. And given a function � : B → C, define
�� B

∑C
8=1(38)2, where 38 B �−1(8) for each 1 ≤ 8 ≤ C. (N.B. Rather than constructing �� from �

by hand, one could instead use a certain orthogonal factorization system on Dir.)
It is easy to see that the roundtrip on Dirichlet series is identity, and that the round-trip for

functions is a natural isomorphism. �

Example 3.2. Under the identification from Proposition 3.1, both the polynomial 223 +22 + 3 and
the Dirichlet series 2·32 + 1·22 + 3·02 correspond to the function

•1 •2 •3 •4 •5 •66 = �(0) �

•
(1, 1)
•
(1, 2)
•
(1, 3)

•
(2, 1)
•
(2, 2)
•
(2, 3)

•
(3, 1)
•
(3, 2)8 = �(1) �

� (3.2)
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B C ×C′ B′ B′

C C′�

5 ∗�′

5♯

�′

5

y
B C ×C′ B′ B′

C C′�

5 ∗�′

5 ♯

�′

5

y

Fig. 1: The categories Bun and Cont have the same objects, functions � : B → C. Here a morphism ( 5 , 5♯) : �→ �′

in Bun and a morphism ( 5 , 5 ♯) : �→ �′ in Cont are shown.

We can think of a function � : B → C, e.g. that shown in (3.2), as a bundle of fibers �−1(8), one
for each element ‘8′ ∈ C. In Definition 3.3 we define two different notions of morphism between them.
We will see in Theorem 3.6 that they correspond to morphisms in the categories Poly and Dir.

For any function �′ : B′ → C′ and function 5 : C → C′, denote by 5 ∗(�′) the pullback function as
shown

B ×C′ B′ B′

C C′

5 ∗(�′) �′

5

y

Definition 3.3. Let � : B → C and �′ : B′→ C′ be functions between finite sets.
• a bundle morphism consists of a pair ( 5 , 5♯) where 5 : C → C′ is a function and 5♯ : � → 5 ∗(�′)
is a morphism in the slice category over C;
• a container morphism consists of a pair ( 5 , 5 ♯) where 5 : C → C′ is a function and 5 ♯ : 5 ∗(�′) → �
is a morphism in the slice category over C.

We say a bundle morphism ( 5 , 5♯) (resp. a container morphism ( 5 , 5 ♯)) is cartesian if 5♯ (resp.
5 ♯) is an isomorphism.

Define Bun (resp. Cont) to be the category for which an object is a function between finite sets
and a morphism is a bundle morphism (resp. container morphism); see Fig. 1. Denote by Buncart
(res. Contcart) the subcategory of cartesian bundle morphisms.

One may note that Bun is the Grothendieck construction of the self-indexing Fin/(−) : Finop → Cat,
while Cont is the Grothendieck construction of its point-wise opposite (Fin/(−))op : Finop → Cat.

The name container comes from the work of Abbot, Altenkirch, and Ghani [AAG03; AAG05;
Abb03] (see Remark 2.18 in [GK12] for a discussion of the precise relationship between the notion of
container and the notion of polynomial and polynomial functor).
Remark 3.4. By the universal property of pullbacks, Bun ' Fin→ is equivalent (in fact isomorphic)
to the category of morphisms and commuting squares in Fin. Furthermore, Buncart is equivalent to
the category of morphisms and pullback squares in Fin, and Buncart ' Contcart (as in both cases a
cartesian morphism ( 5 , 5♯) or ( 5 , 5 ♯) is determined by 5 alone).

Remark 3.5. We can think of a function between finite sets � : � → � as the categorification of
a Young diagram. A Young diagram consists of : natural numbers =: ≥ =:−1 ≥ · · · ≥ =1 > 0; the
number : is the number of rows and =8 is the number of boxes in row 8. Here is a Young diagram
corresponding to Eq. (3.2) (but ignoring the constant term, which is the number of empty rows):

If we allow for empty rows, then we can read a function � : � → � as a Young diagram in the
following way:
• � is the set of rows.
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• � is the set of pairs of a row and a box in that row.
• � : �→ � is the projection which sends each pair of a box and a row to that row.

Thinking of maps � : � → � in this way, we can see Bun as the category of Young diagrams with
functions covariant in the rows and boxes, and Cont as the category of Young diagrams with functions
covariant in the rows but contravariant in the boxes. The category Buncart (equivalently Contcart)
is the category of functions of rows that preserve the number of boxes in each row (though it may
permute the boxes within a row).

Next we show that Bun ' Dir is also equivalent to the category of Dirichlet functors, from Defi-
nition 2.3. We could deduce this from the definition of Dirichlet functors as sums of representables;
this is a classic way to construct the free coproduct completion of a category, and the free coproduct
completion can also be accomplished using the category of families construction which, when applied
to Fin, yields Bun. We include this proof here for completeness. Recall that a natural transformation
is called cartesian if its naturality squares are pullbacks.
Theorem 3.6. We have equivalences of categories

Poly ' Cont and Dir ' Bun.

In particular, this gives an equivalence Polycart ' Dircart of the category of polynomial functors and
cartesian natural transformations and the category of Dirichlet functors and cartesian natural trans-
formations.

Proof. The functors %− : Cont → Poly and �− : Bun → Dir are defined on each object, i.e. function
� : B → C, by the formula � ↦→ %� and � ↦→ �� B %� as in Proposition 3.1. For each 1 ≤ 8 ≤ C,
denote the fiber of � over 8 by :8 B �−1(8).

For any finite set -, consider the unique map !- : - → 1. Applying %− and �− to it, we obtain
the corresponding representable: %!- � 2

- and �!- � -2. We next check that there are natural
isomorphisms

Poly(%!- , %�) � %�(-) =
∑

- :8 � Cont(!- ,�),

Dir(�!- , ��) � ��(-) =
C∑
8=1
(:8)- � Bun(!- ,�). (3.3)

In both lines, the first isomorphism is the Yoneda lemma and the second is a computation using
Definition 3.3 (see Fig. 1). Thus we define %− on morphisms by sending 5 : � → �′ in Cont to
the “compose-with- 5 ” natural transformation, i.e. having --component Cont(!- , 5 ) : Cont(!- ,�) →
Cont(!- ,�′), which is clearly natural in -. We define �− on morphisms similarly: for 5 in Bun, use
the natural transformation Bun(−!, 5 ).

By definition, every object in Poly and Dir is a coproduct of representables, so to prove that we
have the desired equivalences, one first checks that coproducts in Cont and Bun are taken pointwise:

(� : B → C) + (�′ : B′→ C′) � (� + �′) : (B + B′) → (C + C′),
and then that %�+�′ = %� + %�′ and ��+�′ = �� + ��′; see Remark 2.6.

By Remark 3.4, we know that Buncart ' Contcart, and we have just established the equivalences
Poly ' Cont and Dir ' Bun. It thus remains to check that the latter equivalences identify cartesian
natural transformations in Poly with cartesian morphisms in Cont, and similarly for Dir and Bun. For
polynomial functors, we may refer to [GK12, Section 2].

Turning to Dirichlet functors, we want to show that for any 5 : � → �′ the square

�(1) �′(1)

�(0) �′(0)

51

� �′

50

(3.4)
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is a pullback in Set iff for all functions , : - → -′, the naturality square

�(-′) �′(-′)

�(-) �′(-)

5-′

�(,) �′(,)

5-

(3.5)

is a pullback in Set; we will freely use the natural isomorphism ��(-) � Bun(!- ,�) from Eq. (3.3).
The square in Eq. (3.4) is a special case of that in Eq. (3.5), namely for , B!0 the unique function
0→ 1; this establishes the only-if direction.

To complete the proof, suppose that Eq. (3.4) is a pullback, take an arbitrary , : - → -′, and
suppose given a commutative solid-arrow diagram as shown:

- -′

�(1) �′(1)

1 1

�(0) �′(0)

,

We can interpret the statement that Eq. (3.5) is a pullback as saying that there are unique dotted
arrows making the diagram commute, since �- � Bun(!- , �!0) and similarly for the other corners
of the square in Eq. (3.5). So, we need to show that if the front face is a pullback, then there are
unique diagonal dotted arrows as shown, making the diagram commute. This follows quickly from
the universal property of the pullback. �

Corollary 3.7. Dir is an elementary topos.

Proof. For any finite category �, the functor category Fin� is an elementary topos. The result now
follows from Remark 3.4 and Theorem 3.6, noting that Dir ' Fin→. �

Theorem 3.8. A functor � : Finop → Fin is a Dirichlet polynomial if and only if it preserves
connected limits, or equivalently wide pullbacks.

Proof. If �(-) = ∑
1∈� �

-
1
is a Dirichlet polynomial corresponding to the map � : �→ �, then

�(colim-8) =
∑
1∈�

�
colim-8
1

�
∑
1∈�

lim�
-8
1

� lim
∑
1∈�

�
-8
1

= lim�(-8)
for any connected colimit, since connected limits commute with sums. On the other hand, suppose �
sends connected colimits to connected limits – in particular, it sends wide pushouts to wide pullbacks.
Every finite set - can be expressed as the wide pushout

-

1 1 · · · 1 1

0
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of its elements. Therefore, we have the following limit diagram:

�(-)

�(1) �(1) · · · �(1) �(1)

�(0)

That is, an element of �(-) is a family of elements 0G ∈ �(1) for each G ∈ -, such that the �!0(0G)
are all equal in �(0). In other words,

�(-) � Bun(!- , �!0)

which is to say � is the Dirichlet polynomial associated to the bundle �!0. �

As we mentioned in the introduction, this all goes through smoothly when one drops all finiteness
conditions. The general topos of Dirichlet functors is the category of (arbitrary) sums of representa-
bles Setop → Set, and this is equivalent to the arrow category Set→ and so is itself a topos.

4 Recovering negative exponentials with homotopy types

So far we have worked with finite sets in order to keep things simple, but this limited us to describing
Dirichlet polynomials with natural number coefficients and positive exponentials of the form =2.
How could we get the more familiar negative exponential =−2 — after all, there aren’t any sets with
negative cardinality.

One option is get negative cardinalities by replacing finite sets with certain spaces and cardinality
with Euler characteristic; this is approach that Schanuel takes in his excellent paper “Negative
Sets have Euler Characteristic and Dimension” [Sch91]. We will instead follow Baez and Dolan
in considering =−2 as

( 1
=

)2 and work instead on giving a generalization of cardinality to rational
numbers instead of negative numbers.

In their paper “From finite sets to Feynman diagrams” [BD01], Baez and Dolan generalize cardi-
nality from sets to groupoids and then finally to topological spaces — or more precisely, the homotopy
types of topological spaces. They begin by observing that if a group � (for example, the cyclic group
Z/2Z) acts on a set ( (for example, the set 6 = {0, 1, . . . , 5}), the resulting set of orbits (/� (where
two elements of ( are made equal when they are related by the action of �) has cardinality |( |/|� |
whenever the group action is free. For example, in the below action of Z/2Z on a 6 element set, there
are three orbits.

• • • • • •

If the action is not free, then this formula fails. Suppose we have a 5 element set acted on by a 2
element group, so we would want the quotient to have 5

2 elements — obviously not possible for a set.
But the Cayley graph (drawn below) has enough information to tell us what we missed: the middle
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element has a nontrivial loop since it is a fixed point of the action.

• • • • •

In other words, this orbit has a nontrivial stabilizer group. If we divide the contribution of
each orbit by the size of its stabilizer group, we get a formula that does count the right fractional
cardinality: 1

1 + 1
1 + 1

2 = 5
2 .

These Cayley graphs are better understood as groupoids, or categories where every arrow is in-
vertible. Baez and Dolan define the cardinality of a groupoid G to be

|G| :=
∑

G∈�0(G)

1
|G(G, G)|

where �0(G) is the set of isomorphism classed of elements of G and G(G, G) is the set of morphisms
from G to G. They right away go on to generalize this notion to that of homotopy cardinality of a
space -:

|- | :=
∑

G∈�0(-)
|�1(-, G)|−1 · |�2(-, G)| · |�3(-, G)|−1 · · ·

This formula is the direct analogue of the formula for groupoid cardinality, taking for granted that
the homotopy types of spaces can be thought of as ∞-groupoids — roughly speaking, groupoids G
so that G(G, H) is also an ∞-groupoid for all G, H ∈ G. Homotopy cardinality satisfies the familiar
relations that set cardinality does, namely

|- + . | = |- | + |. | |- × . | = |- | · |. |.

But it also satisfies a further product formula: if - is connected, and 5 : . → - is a fibration
with fiber �, then

|. | = |� | · |- |
or, rearranging:

|- | = |. ||� | .

In particular, the universal �-principal bundle ��→ �� which has fiber � tells us that

|�� | = |�� ||� | =
1
|� |

since �� is contractible. This is the formula that lets Baez and Dolan define negative exponents via
=−2 = ( 1= )2.

In [GHK21], Gepner, Haugseng, and Kock extend the theory of polynomial functors to homotopy
types. If ℋ is the ∞-category of homotopy types, then they prove that a functor % : ℋ → ℋ is
polynomial if and only if it is accessible and preserves weakly contractible colimits.
Theorem 4.1 ([GHK21]). A functor % : ℋ →ℋ is a polynomial functor if and only if it is accessible
and preserves weakly contractible limits.

We will prove an analogous theorem in this section for the contravariant analogue of polynomial
functors: Dirichlet functors. These are sums — which is to say, colimits indexed by spaces or ∞-
groupoids rather than ∞-categories — of contravariant representable functors #2 : ℋ →ℋ .
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We may think of a map � : �→ � between as bundles of homotopy types �1 indexed by a point
1 ∈ �, just as we did in Section 3. But how do we express the Dirichlet functor

( ↦→
∑
1∈�

�(
1

where �, �, and ( are homotopy types? Well, note that in the case that all are sets,
∑
1∈� �

(
1
is

equivalently the set of those functions (→ � which become constant when post-composing with �.
This definition readily extends to homotopy types.
Definition 4.2. To every bundle � : � → �, we associate its extent ext� : ℋop → ℋ given by the
pullback:

ext� �2

� �2

�2

const

y

A functor is a Dirichlet functor if it is the extent of a bundle.
Example 4.3. We can now describe a central example of an infinite Dirichlet series as the extent
of a bundle. Following Baez and Dolan’s This Weeks Finds 300 [BD] and their accopanying =Lab
page [BD22], we’ll define the Riemann Zeta functor � to be the extent of the bundle � defined as the
projection

{(:, )) | : is a finite semisimple ring and ) is a (:,+, 0) torsor.}

{: | : is a finite semisimple ring}

In words, this is the (nerve of the) groupoid of pairs of a finite semisimple ring : and a torsor ) of
its additive group, fibered over the (nerve of the) groupoid of finite semisimple rings. The extent of
� then sends a space ( to a finite semisimple ring : together with a :-principal bundle on (. If ( is
a finite set, a :-principal bundle on ( is just an (-tuple of torsors and we then have

|�(()| =
∞∑
==0

=−|( | ,

as proven in the =Lab page [BD22] using a generating function argument. This comes down to the
fact that groupoid cardinality of the groupoid of =-element finite semisimple rings is 1, and that the
groupoid of the torsors of a group � is a classifying space �� for it and so has cardinality 1

|� | .

We will prove the following (simpler) analogue of Theorem 4.1.
Theorem 4.4. A functor � : ℋop → ℋ is a Dirichlet functor if and only if it preserves weakly
contractible limits — that is, if it sends weakly contractible colimits in ℋ to limits.

The proof is analogous to the proof we gave in Section 3 for finite sets. However, since we are
working with homotopy types, we will have to be a bit more abstract. We’ll begin by seeding the
ground with a plethora of adjunctions.
Lemma 4.5. There is an adjoint quintuple:

ℋ ℋ↓const

cod

dom

!(−)

!(−)

All of the functors ℋ →ℋ↓ are fully faithful.
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Proof. There is an adjoint triple ∗ ↓ . The middle three functors are given by restricting
along this adjoint triple; the outer two are given by Kan extending, or more concretely:

- ↦→
0

-

!- - ↦→
-

∗
!-

It is easy to see that the unit - → dom!- is an equivalence (it is in fact an identity), so !(−) is fully
faithful. Therefore, all the functors going from ℋ →ℋ↓ are fully faithful. �

Lemma 4.6. There is an adjoint quintuple

ℋ ℋℋ
op

# ·02

#

#2

�(0)

�(1)

⊥
⊥
⊥
⊥

(4.1)

Where #2 is the Yoneda embedding.

Proof. We note that the inclusion of constant functors # ↦→ [( ↦→ #] in the middle has left and
right adjoints given by colimit and limit respectively. Since ℋop has a terminal object 0 and an
initial object 1, taking the colimit of � : ℋop → ℋ is given by evaluating at the terminal object
0 and similarly taking the limit is given by evaluating at the initial object 1. This shows that
�(0) a # a �(1) as above. The other adjunction, # · 02 a �(0), is a quick application of the Yoneda
lemma:

ℋℋ
op
(# · 02 , �) ' ℋ(#, ℋℋ

op
(02 , �) ' ℋ(#, �(0)).

Finally, we’ll show that �(1) a #2 with a little trip through the end calculus:

ℋℋ
op
(�, #2) '

∫
(∈ℋ
ℋ(�((), #()

'
∫
(∈ℋ
ℋ((1, #�(())

' #�(1) = ℋ(�(1), #).

�

Using the adjoints we just defined, we can show that ext is itself a right adjoint. Before we do so,
we need a small lemma showing how any bundle can be built out of those adjoints.
Lemma 4.7. Let � : �→ � be any bundle. Then we have a canonical pushout square

!� const(�)

!� �

!�

y

in ℋ↓, which is natural in �.
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Proof. Pushouts are computed pointwise inℋ↓, and the above square corresponds to the below cube:

0 �

0 �

� �

� �

The top and bottom squares of this cube are trivially pushouts. �

Lemma 4.8. The functor ext : ℋ↓ → ℋℋ
op

has a left adjoint given by � ↦→ �!0, that is, �!0 :
�(1) → �(0). Moreover, the counit of this adjunction is an equivalence, so that ext is fully faithful.

Proof. Using our Lemma 4.6, this is a quick calculation:

ℋℋ
op
(�, ext�) ' ℋℋ

op
(�, �) ×ℋℋop

(�,�2)ℋ
ℋop
(�, �2)

' ℋ(�(0), �) ×ℋ(�(1),�)ℋ(�(1), �)
' ℋ↓(!�(1),�) ×ℋ↓(!�(0) ,�)ℋ

↓(const(�(1)),�)

' ℋ↓(�!0,�).

In the last step, we apply Lemma 4.7 to �!0 : �(1) → �(0) and use the universal property of the
pushout.

It is straightforward to see that the round trip ext�(!0) brings us back to � by inspecting the
following cube whose top and bottom squares are the pullbacks defining ext�(1) and ext�(0) respec-
tively:

� �1

� �1

� �0

� �0

�

We have shown that ext : ℋ↓ ↩→ ℋℋ
op

includes bundles as full subcategory of contravariant
functors. We will now show that this full subcategory consists of precisely those functors that
commute with weakly contractible colimits.

These are the appropriate ∞-categorical analogue of connected colimits. Recall that a category
is connected if and only if its reflection into sets (given by setting two objects equal if they have a
morphism between them) consists of a single element. By analogy, we have the following standard
definition.
Definition 4.9. An ∞-category D is weakly contractible if its reflection into ∞-groupoids is con-
tractible. If we take ∞-categories to be Joyal-fibrant simplicial sets, following Lurie [Lur09], then to
be weakly contractible means to be weakly equivalent to the terminal simplicial set in the Kan model
structure.

We recall the analogue of the fact that every set is the colimit of its points. If ( ∈ ℋ is a space,
then denote by (⊳ the cone over (, which freely adjoins an initial object to it.
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Lemma 4.10. Every ( in ℋ is the colimit of the diagram (⊳→ℋ sending the apex to 0 and every
other element to ∗; that is, the composite

(⊳
!⊳−→ ∗⊳ !0−→ ℋ .

Proof. Since 0 is the initial object of ℋ , this diagram corresponds to the terminal diagram on (,
whose colimit is (equivalent to) ( itself. �

Lemma 4.11. The functor !(−) preserves weakly contractible colimits.

Proof. To see that !(−) preserves weakly contractible colimits, recall that colimits in �↓ are calculated
pointwise. It remains to show, then, that the map

colim (8 colim (8

colim ∗ ∗

is an equivalence in �↓, for which it suffices to show that colim ∗ is contractible. But the colimit of
the terminal diagram is (a Kan-fibrant replacement of) its indexing simplicial set – since we assumed
the diagram was weakly contractible, colim ∗ is contractible. For a very nice and comprehensive proof
and elaboration of this fact, see Section 2.3 of [CØ21]. �

Now, we will show that ext� commutes with weakly contractible limits. To do this, we will need
the dual of Lemma 4.7.
Lemma 4.12. Let � : �→ �. Then there is a canonical pullback:

� !�

const(�) !�

y

in ℋ↓, natural in �.

Proof. The proof is exactly dual to Lemma 4.7. �

Lemma 4.13. Let � : �→ � be a bundle. Then ext� ' ℋ↓(!(−),�). In particular, since !(−) preserves
weakly contractible colimits and contravariant representables preserve send colimits to limits, the
Dirichlet functors ext� preserve weakly contractible colimits.

Proof. Note that �( ' ℋ↓(!( , !�) by the adjunction dom a !(−); similarly for �(. Furthermore, note
that � ' ℋ↓(!( , const(�)) by the adjunction cod a const and the fact that cod(!() = 1. We can
therefore re-write the defining pullback square of ext� as:

ext�(() ℋ↓(!( , !�)

ℋ↓(!( , const(�)) ℋ↓(!( , !�)

�2

y

But by Lemma 4.12, the pullback of this diagram is also ℋ↓(!( ,�). �

We can now put all the pieces together and reap our main theorem.
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Theorem 4.14. A contravariant functor � : ℋop → ℋ is a Dirichlet functor if and only if
it commutes with weakly contractible colimits. Furthermore, the adjunction ext a (−)!0 : ℋ↓ �
Fun(ℋop, ℋ) restricts to an equivalence ℋ↓ ' Dir. As a corollary, Dir is an ∞-topos

Proof. As we have seen, every Dirichlet functor preserves weakly contractible colimits. It remains to
show that if � preserves weakly contractible colimits, then � ' ext�!0 . We note that every ( ∈ ℋ
is the colimit of the diagram (⊳→ℋ sending the apex of the cone to 0 and every element of ( to ∗
(see Lemma 4.10). This is a weakly contractible colimit, and so it is preserved by �; therefore, �(()
is the limit of the diagram

(⊳op !⊳op−−−→ ∗⊳op !op
0−−→ ℋop �−→ ℋ

But so is ext�!0 , since

ext�!0(() ' ext�!0(colim((⊳ !⊳−→ ∗⊳ !0−→ ℋ))

' lim((⊳op !⊳op

−−→ ∗⊳op !op
0−−→ ℋop ext�!0−−−−→ ℋ)

' lim((⊳op !⊳op

−−→ ∗⊳op �!0−−→ ℋ),

where in the last step we use that ext�!0(!0) ' �!0. �
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