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Growth of analytic solutions of linear o
differential equations with analytic

coeflicients near a finite singular point
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Abstract

In this paper, we investigate the growth of analytic solutions of the linear differential equation

f<k)—|—Ak,1(z)exp{ Gh—1 }f(k_l)+"~+Ao(z)exp{a70}f:0,

(20 —2)" (20 —2)"

where n € N—{0},k > 2 is an integer and A;(z)(j =0, ...,k —1) are analytic functions in the closed complex plane except
a singular point 2o and a;j(j = 0,...,k — 1) are complex numbers. Under some conditions, we prove that these solutions
are of infinite order and their hyper-order is equal to n. We also consider the nonhomogeneous linear differential equations.
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1 Introduction and Main Results

Nevanlinna theory is a branch of complex analysis that studies the value distribution of meromorphic
functions. It provides essential tools to understand the growth and behavior of solutions of linear
differential equations, depending on the nature of the coefficients and the singularities involved.

Throughout this paper, we assume that the reader is familiar with the fundamental results and
the standard notations of the Nevanlinna value distribution theory of meromorphic function in the
complex plane C (see [2, 3, 14, 15, 16]). We denote respectively the order and the hyper-order of
growth of a meromorphic function f, by o(f) and oa(f).

Many authors as in ([4, Bl ©, @, 12]) have studied the growth of solutions of linear differential
equations near a finite singular point. They have investigated different forms of linear differential
equations with analytic coefficients near a finite singular point by using adapted notions and prop-
erties of Nevanlinna theory. In this paper, we continue this investigation near a finite singular point.

First, we recall the appropriate definitions. Set C = CU{oo} and suppose that f is meromorphic
in C\{zo}, where zy € C. Define the counting function near zy by

Ne(r. ) = - [ Pl I na(0 )

oo t

dt — n, (oo, f)logr,
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where n,, (¢, f) counts the number of poles of f in the region {z € C: ¢ < |zg — 2|} U {o0}, each pole
according to its multiplicity, and the proximity function by

1 [2r .
m(rf) = 5 [ log*| (0 — re'®)|do,
T Jo
The characteristic function of f is defined in the usual manner by

Tey(r, f) = meg(r, f) + Neo (, f)

In addition, the order of a meromorphic function f near zq is defined by

log® T,
o], 20) = limsup 0812 S).
r—0 — logr

For an analytic function f in C\{zp}, we have also the definition

log™ log® M,
ou(f, 20) = lim sup —2——8 o1, f)

Y

where M, (r, f) = max|,,—z|=r | f(2)]-

When the order is infinite, we introduce the notion of hyper-order near zg that is defined as follows:

log™ logt T,
0-27T(f7 ZO) = hm sup 08 08 0(7"7 f)
r—0 — log r

log™ log™ log™ M,
oam(f, z0) = limsup o 08 08 ol f)
r—0 —logr
Remark 1.1 ([]). It is shown in [9] that if f(z) is a non-constant meromorphic function on C\{zo}
and g(w) = f(z0 — 1), then g(w) is meromorphic on C and we have :

1
R
where R > 0 and so or(f,20) = o(g). Also, if f is analytic on C\{z0}, then g(w) is entire, and

thus or(f, z0) = om(f, 20) and oo 1(f, 20) = o2.m(f, 20). Then we can use the notations o(f,z9) and
o9(f, z0) without any ambiguity.

T(R>g) = Tzo( 7f)7

The linear differential equation
"+ A(z)e”* f' + B(2)e” f =0, (1.1)

where A(z) and B(z) are entire functions is investigated by many authors; see for example [I} 2] [3,
10, 15]. Kwon [I5] proved that if ab # 0 and arga # argb or a = ¢b with 0 < ¢ < 1, then every
solution f # 0 of equation (|I.1)) is of infinite order.

To investigate the counterpart of Kwon’s result near a finite singular point, Fettouch and Hamouda
proved the following result :

Theorem 1.1 ([9]). Let z9,a,b be complex constants, such that arga # argb or a = cb (0 < c < 1).
Let A(z), B(z) # 0 be analytic functions in C\{zp} with max{c(A,20),0(B,20)} < n. Then every
solution f #Z 0 of the differential equation

4 AG2) exp{(zoiz)n}f'%— B(2) exp {(Zofzw}f _ o

satisfies o(f, z9) = +00 with oa(f, z0) = n.

In [4], Cherief and Hamouda have generalized the above result to higher order differential equations
and proved the following result :
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Theorem 1.2 ([4]). Let n € N\{0}, k > 2 be an integer and A;(2)(j = 0,...,k — 1) be analytic
functions in C\{zp}, such that o(A;,20) < n and let a;(j = 0,....,k — 1) be complex numbers, such
that ag = |ag|e’®, as = |as|e?s, agas #0 (0 < s<l<k-—1),06p0s€|0,2m), Oy # 05, AoAs # 0 and

f;)Ler'i?O, S, ajl- satisfies either aj = djag (d;j < 1) orargaj = argas. Then every solution f # 0 of
the differential equation
) 4 A {akl} k=14 1A {GO} _ 1.2
S+ Ap-a(z) exp (o —2)" S5 4 4 Ao(2) exp (o= 2" f=0 (1.2)

that is analytic in C\{zo} satisfies o(f,z0) = +oo and o2(f, 20) = n .
Fan and Chen in [8] considered the linear differential equation

FO + He oy (2)f% Y 4+ Hi(2)f' + Ho(2)f =0, (1.3)

where k£ > 2 is an integer and H;(z)(j = 0,1, ..,k — 1) are entire functions. They proved the following
result :

Theorem 1.3. Let k > 2 be an integer and a;(j = 0, ...,k — 1) be complex numbers. Suppose that
there ea:ist as and a; such that s < 1, ay = dse*®, ay = —die’®, dg > 0, d; > 0 and for j # s,1,
aj = d;e'® or a; = —d, e’¢’(d > 0), and max{d; : j # s,l} =d <min{ds, d;}. If Hj(2) = hj(z)e%*",
fwhere n € N\{0} and h are entire functions with o(h;) <mn, hsh; # 0, then every transcendental
solution f of equation is of infinite order and satisfies oo(f) = n.

In 2017, K. Hamani and B. Belaidi have studied the linear differential equation

O 4 by (2)ef=1 @) fE=1 b (2)eP G g g (2)e f =0, (1.4)

where h;j(z)(j =0,...,k — 1) are meromorphic functions and P;j(z)(j =0, ...,k — 1) are polynomials.
They proved the following Theorem

Theorem 1.4 ([I1]). Let k > 2 be an integer and Pj(z) = 37 g a; j2'(j = 0,1,...,k—1) be polynomials
with degree n > 1, where ag j, ..., an;(j =0, ...,k —1) are complex numbers. Let J( )j=0,..,k—1)
be meromorphic functions with o(hj) < n.

If hj # 0, then a,j # 0. Suppose that there exists {anyil,an,b, ...,amm} - {aml,an’g, ...,an,k_l}

such that argay, (7 = 1,2,...,m) are distinct and for every nonzero a; € {anyl,amg, ...,anjk_l} \

. 'L
{aml,amz, ...7an,im} there exists some ay;; € {a,nhil,am27 ---7Gn,im} such that an; = cl(J)an,ij(O <

cl(ij) < 1). Then every transcendental meromorphic solution f whose poles are of uniformly bounded
multiplicity of equation 18 0f inﬁnite order and satisfies oo(f) = n. Furthermore, if ano = an; i

or Gpp = o aanO(O<C 4 ¢ < 1), where s € {1 k—l} and an;;, G{aml,anm,.. amm}
then every meromorphic solution f(% 0) whose poles are of uniformly bounded multiplicity of equation

(-) is of infinite order and satisfies oo(f) = n.

In this paper, we investigate similar results as in Theorem [I.3] and Theorem but specifically
for linear differential equations of the form , where A;(2)(j = 0,...,k — 1) are analytic functions
near a singular point zp and a;(j =0, ...,k — I) are complex numbers. We use adapted notions and
properties of Nevanlinna theory near a smgular point and introduce new lemmas we recently proved.
We continue to study the growth of analytic solutions of equations of the form by considering
certain conditions on the coefficients that guarantee that every non-constant analytic solution of
is of infinite order and hyper-order equal to n. We will also consider the non-homogeneous case. We
will prove the following results:

Theorem 1.5. Let n € N\{0}, k > 2 be an integer and A;(z)(j =0,...,k — 1) be analytic functions
in C\{z0}, such that o(A;, z9) < n. Suppose that there exist s,l € {1,....k — 1} such that AsA; # 0,
as = dge'®, ap = —die’®, ¢ € 0,27), dy >0, dy > 0 and for j # s,1, a; = djeid’ or a; = —djew(d' >
0) and max{d; : j # s,1} = d < min{ds,d;}. Then every non-constant solution f of equation
that is analytic in C\{z20} is of infinite order and satisfies oo(f,20) = n, where z is an essential
singular point for f.
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Theorem 1.6. Let n € N\{0}, k > 2 be an integer and A;(2)(j =0, ...,k — 1) be analytic functions

in C\{z20}, such that o(A;,20) < n. Suppose that there exists {a;,, ai,,...,a;,} C {a1,...,ax_1} such
that arga;,(j = 1,..,m) are distinct and for every nonzero ay € {ax,...,ap—1} \ {as,,...,a;, }, there

exists some a;, € {a;,,...,a;, } such that ay = cl( )ais(O < cl( )< 1). Then every non-constant solution

f of equation that is analytic in @\{zo} is of infinite order and satisfies oo(f,z0) = n, where
20 s an essential singular point for
Theorem 1.7. Let n € N\{0}, k > 2 be an integer, Aj(z) and a;(j =0, ...,k — 1) satisfy hypotheses

of Theorem |1.5 . or those of Theorem |1.6 . Let F' # 0 be an analytic functzon in C\{z0} of order
o=o0(F, z) <n. Then every solution [ of equation

9+ A @en { b L e (0 =P )

(20 — 2)
that is analytic in C\{zo} is of infinite order and satisfies o2(f,20) = n, where 2 is an essential

singular point for f, with at most one exceptional analytic solution fo of finite order in C\{zo}, where
zo 18 an essential singular point for fj.

2 Preliminary Lemmas

Lemma 2.1 ([9]). Let f be a non-constant meromorphic function in C\{z}. Let a > 0 be a given

real constant and j € N. Then there exists a set Ey C (0,1) of finite logarithmic measure, that is

fol XE; (t)% < oo and a constant A > 0 that depends on « and j, such that for all r = |z — 2|

satisfying r ¢ Ey, we have
f9(2)

1 J
— A |:T,2TZO (CVT', f) 1Og TZO (CKT', f) )

where x g, is the characteristic function of the set Ej.

Lemma 2.2 ([7]). Let f be a non-constant analytic function in C\{z}. For |20 — z| = r, let
2 = 29 — 1€’ be a point satisfying | f(z)| = max .= f(2)|. Then there exist a constant 5, > 0
and a set By C (0,1) of finite logarithmic measure, such that for all z satisfying | zo — z |= 1 ¢ Es,
r— 0 and arg(zo — 2) = 0 € [0, — 0,,0, + 0,], we have

<21 (j €N),

z

f9)(2)
where zy is an essential singular point for f.
Lemma 2.3 ([9]). Let A(z) be an analytic function in C\{z} with o(A, z) < n (n € N\{0}). Set
g(z) = A(z) eXp{(zofz)n}, where a = a + i # 0 is a complex number, 29 — z = 1€'®, §,(¢) =

acos(ng) + Bsin(ng), and H = {¢ € [0,27) : 0,(¢) = 0} (obviously , H is a finite set). Then for
any given € > 0 and for any ¢ € [0,27)\H, there exists ro > 0, such that for 0 < r < ry, we have
(i) if 0q(¢p) >0, then

exp{ (1 = () | < lol) < exp {1+ 00a(6) = | 2.)
(i7) if d4(0) <0, then
exp {(1+2)0,(0) 1 | < lo()] < exp { (1= 2)8(60) 1 . 22)

Lemma 2.4 (H]). Let k > 2 be an integer and Aj(z)(j =0, ...,k—1) be analytic functions in C\{zo},
such that o(Aj, z0) < a < oo. If f is a solution of equation

FO 4+ A () fE D 4+ A (2) f + Ag(2)f =0 (2.3)
that is analytic in C\{20}, then oa(f, 20) < «
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Lemma 2.5 ([7]). Let k > 2 be an integer, A;(2)(j =0,...,k—1) and F(# 0) be analytic functions in
C\{20}, such that max {U(Aj, 20),0(F, zo)} < a<oo. If f is an infinite order solution of equation

FO 4 A () f* D 4 4 A(2)f + Ao(2)f = F (2.4)
that is analytic in C\{zo}, then o2(f,20) < a.

3 Proof of Theorems

Proof of theorem [1.5 Assume that f is a non-constant analytic solution in C\{z0} of equation
(1.2]), where zy is an essential singular point for f.

By Lemma there exist a set £y C (0,1) of finite logarithmic measure and a constant A\ > 0,
such that for all r = |zg — z| satisfying r ¢ F;, we have

f(j)(z)

<) ETZO(M, f)} Y= k). (3.1)

For each sufficiently small |29—z| = r, let z, = zo—re’" be a point satisfying | f ()| = max,y—.— [ (2)].

By Lemma , there exist a constant d, > 0 and a set Fy C (0, 1) of finite logarithmic measure,
such that for all z satisfying |20 — z| = r ¢ Es, r — 0 and arg(zo — z) = 0 € [0, — 0, 6, + 6,], we have

| /()
70 (2)

<27 (j=1,..,k). (3.2)

Set
H={60 €[0,2m) :cos(¢+nb) =0 }.

For any given 6 € [0, — 6,,0, + 6,] \ H, we have
cos(p+nf) >0 or cos(¢p+nb)<0.

Case 1. cos(¢ +nf) > 0. Thus by Lemma [2.3] for any given £(0 < 2¢ <
|20 —2z| =7, 7 — 0 and arg(zg —2) =0 € [0, — 5r,9T +6,] \ H, we have

d - d) for all z satisfying

‘As(z)exp{(zoa_sz)n}‘ zexp{(l—a)W} (3.3)
and
e { Y cep{ar ot 1y, 3.4

By (1.2)), it follows that

g fl) kol aj fo) st a; O
—Ay(2) eXp{(ZO —z)”} =@t > A4(2) exp{m} +> " A;(2) exp{ )n}

5 e =0 (20 — 2 forer
(3.5)
Substltutmg (-1), ’ (3-4) into , for all z satisfying |z — z| =7 ¢ Ey U Ey, r — 0 and
argz =0 € [0, — 6,0, + 0, H we obtaln
dg cos(¢ + nb s dcos(¢ + nb Lo (ar,
exp{(l—s)(i)} < Myr exp{(1+ €) (f )}[ (r f)} 7 (3.6)

where M;(> 0) is a constant. Hence by (3.6]), we obtain o(f, z9) = +o0 and o2(f, 29) > n. On the
other hand, by Lemma [2.4] we have o2(f, z9) < n. Hence o5(f, 20) = n.

Case 2. cos(¢p+nf) < 0. We use the same reasoning as in the case 1 by replacing A,(z) exp { s i
4

(zo—2)™

by Ai(z) exp{(zo‘i’z)n} to prove that o(f,z9) = +o0 and oa(f,29) > n. From this and Lemma
we have oa(f, z9) = n. O



3 Proof of Theorems 30

Proof of theorem [1.6] Assume that f is a non-constant analytic solution in C\{z0} of equation
(1.2]), where zy is an essential singular point for f.

By Lemma there exist a set £y C (0,1) of finite logarithmic measure and a constant A\ > 0,
such that for all r = |zg — 2| satisfying r ¢ E;, we have (3.1]).

For each sufficiently small |29 — z| = 7, let 2z, = z — re!” be a point satisfying |f(z,.)| =
max|z,—z|=r |f( )’

By Lemma [2.2] there exist a constant &, > 0 and a set By C (0, 1) of finite logarithmic measure,
such that for all z satisfying |zo — z| = r ¢ Fs, r — 0 and arg(zo — 2) = 0 € [0, — 0., 0, + 0,], we have

B2).
Set
Hy = USZ3{0 € [0,27) : 6,,(0) = 0}
and
H, = U1§s<d§m{9 S [0,271') : 5% (9) = 511(1(9)}'
For any given 6 € [0, — 0,,0, + 0,] \ (H1 U Hy), we have 6,,(0) # 0 (j = 0,....,k — 1), d4,(0) #
9oy (0) (1 <s<d<m).

Since a;; (j = 1,...,m) are distinct complex numbers, then there exists only one ¢t € {1,...,m},
such that
0 = ba,, (#) = max{dq, (0) : j =1,...,m}.

For any given 0 € [0, — 0,,0, + ;] \ (H1 U Ha), we have 4,, (0) >0 or dq, () <O0.

Case 1. 0; > 0. Forl € {0,....,k — 1} \ {i1,...,im}, we have a; = cl(it)ait or a = cl(is)ais s #t.
Hence for [ € {0,....,k — 1} \ {1, ..., 0m }, we have §;(0) < 0;.
Set § = max{dq;(0) : j # it}, thus § < d;.

Subcase 1.1. 0 > 0. Thus, by Lemma for any given £(0 < 2 < %=%) for all z satisfying
0

0146
|zo — 2| =7 ,r —0and arg(zg — 2) =0 € [0, — 6,0, + 6, \ (H1 U Hy), we have

A;, (z) exp {a“)n}' > exp {(1 — s)ffl} (3.7)

(20— 2

and %)H < exp{(we)fn} (j #ir). (38)

(20 — 2

Aj(z)exp {

We can rewrite (|1.2) as

o - . G il o )
—A;,(2) exp{ & } :z: eXp{( 2 }f +) Aj(2) exp{ 4 }f f .

(o — )" w02 [ & (o2 ) [
(3.9)
Substltutlng 2 , q 9 , for all z satisfying |20 — z| =r, r ¢ E1 U Ey, 1 — 0
and arg(zp — 2) = Or, Oy U Hs, we obtain
¢ 5\ [Ty (ar, f)12%F
1-— < Myr't 1 — | == 3.10
exp {(1- )% } it exp { (14 0) [0 (3.10)

where My(> 0) is a constant. Hence by (3.10]), we obtain o(f, zg) = +00 and o2(f, z0) > n. On the
other hand, by Lemma [2.4] we have o(f,z) < n. Hence o3(f, z9) = n.

Subcase 1.2. § < 0. By Lemmal[2.3] for any given e(0 < 2¢ < 1), for all z satisfying |zo—z| = r,r — 0
and arg(zo — 2z) =0 € [0, — 6,0, + 0] \ (H1 U Hy), we have (3.7) and

A,(2) exp{aj)n}‘ < exp {(1 _E)W} <1 (j#4). (3.11)

(20 — 2
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Substltutlng q | mto (3-9), for all z satisfying |20 — 2| =7, 7 & Ey U Es, 7 — 0
and arg(zp — 2 or, 0, + ¢ H, U Hy, we obtain

exp {(1 - &) % 1< Myr [er (3.12)

where M3(> 0) is a constant. Hence by (3.12]), we obtain o(f, z9) = +00 and o2(f, z0) > n. On the
other hand, by Lemma [2.4] we have o4(f,z9) < n. Hence oa(f, z0) = n.

Case 2. §; < 0. Set ¢ = min{cl(ij) 1e{0,....k—1}\{i1,....ip} and j=1,..m}.

By Lemmal[2.3] for any given £(0 < 2 < 1), for all z satisfying |zo—z| = r,r — 0 and arg(zg—z) =
0€lb,—06.0,+0,]\ (H UH;), we have

a; coy o
j(z)exp{M}‘ Sexp{(l—e)rn} (j=0,..,k—1). (3.13)
By (L.2), we get
(k1)
—1 = Ag_1(z)exp { (Zoak_i;)n}f 7 f{k) + ...+ Ap(z) exp {w}f{;). (3.14)

Substltutlng . (3.13) into (3.14]), for all z satisfying |z — z| =7, r ¢ E1 U Es, r — 0 and
arg(zo — 2) —E — 0,0, + 0,] \ (H1 U Hy), we obtain

1< Myr*exp {(1+ &)= < a [er (3.15)

r

where My (> 0) is a constant. Hence by (3.15]), we obtain o(f, zg) = +o00 and o3(f, z9) > n. On the
other hand, by Lemma [2.4] we have o3(f, z9) = n. O

Proof of theorem [1.7, First we show that (1.5) can possess at most one exceptional analytic
solution fy of finite order in C\{zo}.

In fact, if f* is another analytic solution in C\{zo} of finite order of equation 7Where 20
is an essential singular point for f*, then fy — f* is a non-constant analytic solution in C zo} of

finite order of the corresponding homogeneous equation of (L.5]). This contradicts Theorem [L.5] and
Theorem [L.6l

We assume that f is an infinite order analytic solution in C\{zo} of equation (1.5, where z is
an essential singular point for f. By Lemma , there exist a set £y C (0, 1) of finite logarithmic
measure and a constant A > 0, such that for all z satisfying |zo — z| = r ¢ E1, we have (3.1])

For each sufficiently small zo —z| =7, let z, = z — re? be a point satisfying |f(z,)| =
max|,, .- | f(2)|. By Lemma 2.2 there exist a constant ¢, > 0 and a set Ey C (0, 1) of finite loga-
rithmic measure such that for all z satlsfylng |20 —z| =1 ¢ Ey and arg(zo —z) = 6 € [0, — 6., 0, + 6, ],
we have (3.2)). Since | f(z)] is continous in |z — z| = r, then there exists a constant A, > 0 such that
for all z satisfying |29 — z| = r sufficiently small and arg(zo —z)=0¢€0.— N\, 0, + )\T], we have

315l (3.16)

1
S < 1) < 5

On the other hand, for any given (0 < 2 < n — o), there exists ro > 0, such that for all 0 < r =
|z0 — 2| < ro, we have

1
|F(2)] < exp {we 3 (3.17)
Since M, (r, f) > 1 as r — 0, it follows from (3.16) and (3.17)) that

F(z) 1
’JC(Z)’SQeXp{TUJFE} as r — 0. (3.18)
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Set v = min{0,, A\, }.
(i) Suppose that a;(j =0, ..,k — 1) satisfy hypotheses of Theorem [1.5

Case 1. cos(¢ + nf) > 0. From , (13.2)), ., and ([L.5), for all z satisfying

|zo—z|—rgéElUEQ,r%Oandargzo—z = 'y,TJr”y\H is defined above), we
obtain
1
exp{(l —@W} < Byr® exp{ }exp{(1+ )dcos(f—knﬁ)}{ ZO(iT f)] , (3.19)

where B;(> 0) is a constant. From (3.19), we get o2(f, 20) > n. This and the fact that oo(f, z0) <n
by Lemma [2.5) we have o3(f, z0) = n.

Case 2. cos(¢p+nf) < 0. We use the same reasoning as in the case 1 by replacing A,(z) exp {(zo(iisz)n}
by Ai(z )exp{(zo‘iilz)n} to prove that oa(f,z9) > m. This and the fact that oo(f,z0) < n yield

UQ(f: ZO) n.
(ii) Suppose that a;(j =0, ..,k — 1) satisfy hypotheses of Theorem |1
Since a;; (j = 1,...,m) are distinct complex numbers, then there ex1sts only one t € {1,...,m} such
that
0t = ba,, (0) = max{dq, (0) : j =1,...,m}.

For any given 0 € [0, — v,0, +~] \ (H1 U Hy), where Hy and H, are defined above, we have
0a;,(0) >0 or  dq, () <O.

Case 1. §; > 0. For 1e€{0,....k =1} \ {i1,....0m}, wehave a; = cl(it)ait or a; = cl(i““’)ais s #t.

Hence for [ € {0,...,k — 1} \ {i1,...,im }, we have §; < ;.
Set 6 = max{dq, (¢ ) j # 11} thus § < 0y
Subcase 1.1. 6 > 0. From . . 3.18) and (L.5)) for all z satisfying |29 — 2| = r,
r¢ EyUFEs, r— 0 and arg(zo—z =0c 0 -, T—|—7 \ Hy U H;, we obtain
5y 1 6 [T, (ar, £)1%
1-— < Bor't 1 — 07} 3.20
exp{(1 - )2} < Bur' e { —fexp{ (14 2) | |22 (320)

where By(> 0) is a constant. Hence by {-) we obtain that oo(f, 29) > n. This and the fact that
0(f,20) <n by Lemma [2.5 We have a2(f, 20)

Subcase 1.2. § < 0. From ) (13.7), (3.13 - 3.18) and (1.5) for all = satisfying |z — z| =
rgéElUEg,r%Oandargzo—z € |0, 'y,r—f—"y H, U Hy, we obtain

Ot ;. 1 ) [T (ar, f)1%

exp{(l—s) }<Bg7” eXp{ mH - } : (3.21)
where B3(> 0) is a constant. Hence by ({3.21]), we obtain that oa(f, 29) > n. This and the fact that
o2(f,20) < n by Lemma 2.5, we have aa(f, 29) = n.
Case 2. §; < 0. Set ¢ = min c( ZG{O k—1}\{i1,....im} and j=1,..
From . . - and . for all z satisfying |zg — z| =7, r ¢ E1 U Es, 7 — 0 and
arg(zg — 2) -, 0, + v\ (Hy U Hs), we obtain

1 co. (ar, f)
k t 2
1 < Byr¥exp {7""+5 } exp {(1 + 5) } [Or] : (3.22)

where By(> 0) is a constant. Hence by (3.22)), we obtain that o2(f, 29) > n. This and the fact that
03(f,20) < n by Lemma [2.5] we have o2(f,zp) = n. O
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