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Approximate strong subdifferential o
calculus for convex set-valued mappings

and applications to set optimization

EL MAHJOUB ECHCHAABAOUI AND MOHAMED LLAGHDIR

Abstract

In this paper, we are mainly concerned with a rule for approximate strong subdifferential, concerning the sum and the
composition of cone-convex set-valued vector mappings, taking values in finite or infinite-dimensional preordred spaces. The
obtained formulas is exact and holds under the connectedness conditions. This formula is applied to establish approximate
necessary and sufficient optimality conditions for the existence of the approximate strong efficient solutions of a set-valued
vector optimization problem.

Keywords. Set-valued vector optimization, Strong subdifferential of convex set-valued mappings,
Optimality conditions.

1 Introduction

The approximate subdifferential is one of the most important concepts in Convex Analysis and
Optimization. It is well known that strong vector subdifferential calculus plays an important role
in vector optimization problems. knows these last decades a growing progress from a point of view
of theoretical background (see [2, 12, 13]). In [2], several properties and calculus rules have been
established for the approximate strong vector subdifferential of the sum of two vector valued mappings
in the framework of ordered complete topological vector space, by using the so-called sandwich
theorem, he has obtained the following formula expressing the calculus rules of the approximate
strong subdifferential for the sum of two convex single vector mappings g1, g2 : X — Y U {+ooy }

0 (g1 +92)(@) = |J 0201(2) +0:,92(), (1.1)

€1, 525Y+
g1t+e2=¢

where 0°g;(Z) is the approximate strong subdifferential at z and X is a locally convex space, Y is a
partially ordered vector space by a cone Y, and +ooy is an abstract maximal element of the space Y.

Recently, Laghdir et al. established in [1], the approximate strong vector subdifferential calculus
of the composed convex operator f 4+ g o h when f, g and h are vector valued convex mappings and
g is nondecreasing.

O(f+goh)@) = J {0 (@) +0,(Ach)(z), A€ 0g(h(z))}, VeeYs. (1.2)
erfentbome

39



2 Preliminaries 40

In this article, our main objective is to attempt to prove that the equalities (1.1) and (1.2) hold in
the setting of set-valued cone-convex mappings, which until now knew no attempt. Our main result
enables us to establish the existence of approximate Lagrange multipliers for a general cone-convex
set-valued optimization problem.

The paper is organized as follows. Section 2 contains preliminary material. Section 3 is devoted
to stating the strong subdifferential calculus rules of the sum and the composition of cone-convex
set-valued mappings. In Section 4, we derive from the obtained formulas the approximate optimality
conditions for a set-valued cone-convex constrained optimization problem.

2 Preliminaries

Throughout this paper, X and Y are two Hausdorff locally convex topological vector spaces and
Y is ordered through an ordering cone K, i.e.,

Yy, 2 €Y, y1 Sk y2 = y2—y1 € K,

where K is assumed to be nontrivial (K # (), convex, closed, pointed K N —K = {0y} and with
nonempty topological interior. We define the element +o0y as the supremum in Y with respect to

the ordering K. In other words, it holds that y < +ooy, for any y € Y, and if there exists y € Y
such that +ooy <k y, then y = +0o0y. The algebraic operations in Y are extended as follows

+ooy +y =y + (+ooy), a(+ooy)=+ooy, VyeY,Va>0.
For every two nonempty subsets A, B C Y and a € R, we denote
A+B:={a+0b: (a,b) e Ax B}, aA:={aa:ac A}

When A =0, weset B+0 =0+ B =0 and of) = (). For the sake of simplicity, we write y + A
instead of {y} + A forall y € Y.

The order interval between two elements v and v of Y such that u <y v is the subset
[u,v] :={w €Y : u<g w <k v}

A subset B of Y is order bounded if there exist u, v in Y such that B C [u,v]. A subset B of Y is
majorized (resp. minorized) if there is an element b € B such that v <g b (resp. b <g v ) for all
v € B. For the subset B C Y, if there exists v € Y such that

(i) b <k v forall b € B,

(ii) v <g w whenever b <y w for all b € B,

then v is called the supremum of B and we write v = sup B. We write the infimum of B, as inf B.
We say that (Y, K) is order complete, if every minorized subset of Y has an infimum. This is, in
fact, equivalent to saying that every majorized subset of ¥ has a supremum. In addition, (Y, K) is
order complete lattice, if (Y, K') is order complete and for any pair of elements u, v in Y | sup(u,v)
and inf(u,v) exists in Y. We will often assume that K is normal, i.e., there exists a basis of open
neighbourhoods 8 of the origin such that

W=(W-K)nW+K), YWeB.

Given an arbitrary set-valued mapping G : X =2 Y, we denote the effective domain, image, graph,
and epigraph of G by domG, ImG, grG and epiy G respectively, i.e.,

domG := {z € X: G(x)# 0},

grG = {(z,y) e X xY :y e G(x)},

ImG = U G(z),

zeX
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and
epig G :=gr(G+ K) ={(z,y) e X xY : y € G(z) + K},
where

(G+ K)(z) =G(x)+ K, VrelX.
Definition 2.1. [8] The set-valued mapping G is said to be

1) K-convex, if its epigraph is a convex subset of X x Y.

2) Proper, if its effective domain domG' # ().

Let us recall the concept of connectedness and the concept of continuity of a set-valued mapping.
Definition 2.2. [6, 14] Let G : X = Y be a set-valued mapping.

1) G is said to be connected at xy € X, if there exists a mapping g : X — Y satisfaying g(v) € G(v)
for all v in some neighborhood of zy and ¢ is continuous at .

2) G is said to be upper-semicontinuous at xg, if for any open subset V' 2O G(xg), there exists a
neighborhood U of g, such that G(U) C V.

3) G is said to be lower-semicontinuous at x, if for any open subset V' satisfying V N G(xq) # 0,
there exists a neighborhood U of zg, such that G(U) NV # 0.

We say that GG is continuous at xq, if it is upper-semicontinuous and lower-semicontinuous at xg
and we say that G is continuous on X, if it is continuous at each point z € X.

The following definition introduces the well-known concepts of approximate strong minimal of a
nonempty subset B C Y.

Definition 2.3. [4] Let B C Y be a nonempty subset and ¢ € K. y € B is said to be a strongly
e-minimal point of the subset B, if BCy—e¢+ K.

Consider now the following set-valued optimization problem

(Ps) { :lz/lien;r(x),

where G : X 2 Y is a proper set-valued mapping and S C X is the feasible set.

Definition 2.4. Let € € K, a pair (z,y) € X X Y is said to be strong e-minimum solution of (Pg),
if x € S and y is a strongly e-minimal point of the subset G(.5), i.e.

y<gy+te Vres VyeG(x).

The set of strong e-minimum solutions of (Pg) will be denoted by K. (G, S, K).

Definition 2.5. [3, 6] Let G : X =2 Y be a set-valued mapping, (Z,y) € grG and ¢ € K. The
approximate strong subdifferential of G at (Z,%) is defined as the following

0:G(2,9) = {T € LIX.Y): T(e-2)<xy-y+e Yoy emd),

where L(X,Y) is the set of all continuous linear operators from X into Y.

This definition is justified by the importance of the following immediate property
(z,9) € K.5(G,S,K) <<= 0€0:G(z,y). (2.1)
Clearly 02 G(z,7y) C 02,G(z,¥) whenever ¢; <k €2, and
o°G(z,9) = 0,G@.9) = ) %G(@,9).
e€intK

By convention we take 0°G(Z,y) = 0 if (z,y) ¢ grG and we say that G is strongly e-subdifferentiable
at (z.9), if 02G(7,9) £ 0.

The following example shows the importance of the concept of the approximate Pareto subdiffer-
ential.
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Example 2.1. Let X =R, Y =R, K =R, and G: X =Y defined by
— if x>
G(J,‘):{[ \/57\/5]7 if ©>0,

0, otherwise .

It is easy to that 9°G(0,0) = () and for any € > 0, we have

92G(0,0)={a €R: a< ;51}.

3 Strong subdifferential calculus rules

In this section, we are concerned with the subdifferential calculus of the sum and composition of
convex set-valued mappings.

3.1 Addition

In [2], Théra established in the framework of ordered complete topological vector space, the
following theorem, which will play an important role in proving our main results.

Theorem 3.1. [2] Let g1, g2 : X — Y U{+ooy} be two K-convex single vector valued mappings.
Suppose that the following conditions is satisfied.

(H)) (Y, K) is a normal order complete Hausdorff locally convex topological vector space,
1 g1 15 continuous at T € domg; N domgs.

Then,
Bl +g)@) = |J 0 91(x)+ 0 g2(z), VeeK. (3.1)

€1,e2€K
€1tea=¢

Remark 3.1. The continuity assumption in (H;) is not merely a technical condition; it is essential
to guarantee the exactness of the formula (3.1) Intuitively, continuity ensures that the epigraphs of
the functions f and g behave well locally, allowing the subgradients to combine properly without loss
of information.

More precisely, continuity at a point xg € dom(f) N dom(g) acts as a constraint qualification
that prevents pathological phenomena such as "vertical walls" or jumps in the epigraph, which would
otherwise break the equality.

In the context of set-valued (multivalued) mappings, continuity is often used as a key assump-
tion to ensure the validity of certain calculus rules, such as the subdifferential or coderivative sum
rules. However, several authors have noted that continuity may be too strong or inappropriate in
some nonsmooth or irregular settings. To extend classical results—such as the Moreau-Rockafellar
theorem—to broader frameworks, some researchers have proposed replacing continuity with a the
connectedness of the mapping at a given point, as introduced by [7, 11].

Let us consider the vector indicator mapping ¢ : X — Y U{+ooy} of a nonempty subset C' C X,
defined by
v Oy, if ze(,
Oo(r) = { +0o0y, else.

Let us note that epid® = C' x K and therefore the K-convexity of d¢ follows from the convexity of
C and K.

Theorem 3.2. Let G1, Go : X = Y be two K-convex set-valued mappings, € domGy N domGs,
u € G1(x) and v € Go(Z). Suppose that the following condition is satisfied
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(Hs) (Y, K) is order complete Hausdorff locally convex topological vector space and int(epiGy) N
epiGa # (.
Then,
E(GL+Gy)(zu+v)= | &Gz, 0)+8,G(z,0), Ve € K.

€1,e9€K
g1+e2=¢

Proof. Let A € 02 G1(Z,u) and B € 05,Go(Z,v) with e1 +¢2 = €. For any (z,y) € gr(G1 + G2), there
exist u € G1(z) and v € Go(x) such that y = v + v. Hence, we get

Alx =) <g u—1u+eq, (3.2)
and

B(rx —x) <kgv—0+es. (3.3)
By adding (3.2) and (3.3), it follows that

which means that A+ B € 92(G1+G2)(@, u+0). For the reverse inclusion, let 7' € 92(G1+G2)(Z, u+
o e y—(@+7) —T(x —7)+e>x 0y, Y(r,y)€g(Gi+Go),
which yields that for any x € domG; NdomGsy, u € Gi(x), v € Ga(z) and a, f € K

utato+f—(ut0)-T(@—1)+e2k Oy,
and thus, it follows that for any (r,u,v) € X XY xY

Sepicy (7, 1) + Oanic, (T, v)u +v — (4 +0) = T(x — ) + & >k Oy, (3.4)

For any (z,u,v) € X xY x Y, we define the following single-vector mappings

gi(z,u,v) = gy, (v,u) tu—1u—T(r—T7),

92(x,u,v) = O, (T,v) + v — 0.
Let us observe that domg; = epi Gy X Y and domgs = ¢~ (epiGy), where ¢ is a continuous function

defined from X XY x Y into X XY by ¢(z,u,v) := (x,v) for all (z,u,v) € X xY x Y. Obviously, ¢
and g are proper, convex and g; is continuous at £ € domg; Ndomgs. Moreover, it follows from (3.4)
that (0,0,0) € 02(g1 + g2)(z,u,v) and hence by Theorem 3.1, we assert that there exist 1,69 € K
satisfying €1 + €9 = ¢ and

(0,0,0) € & g1(z,u,v) + 0% g2 (7, u,v).

Thus there exist (71, Ay, B1) € 02 ,91(Z,u, v) such that (=11, —A;, —B1) € 02 92(Z, u, v) satisfying
{ Ti(z—2)+Ai(u—u)+ Bi(v—v)<gu—u—T(x—%)+e, VY(xr,u,v)€domgy, (3.5)
“Ti(x—2)—A1(u—u) — Bi(v—7) <g v—V+¢ey, Y(x,u,v) € domgs. (3.6)

By taking x = z and u = w in (3.5), we get Bi(v —v) <k ¢, for any v € Y, since K is closed and
pointed (K N —K = {0y }), it follows that By = 0. Similarly, by taking = z and v = v in (3.6), we
get —Aj(u—u) <k &9, for all u € Y and thus A; = 0. Consequently,
{ (Th+T)(z—2) <gu—u+e, V(r,u)€epiGy,
—Ti(x—7) <gv—70+ey, V(z,v) € epiGy,

which yields that 7'+ T € 07 G1(z,u) and =T € 02,G2(,v), hence we obtain
Q(G1+Go)(@,u+0v)= |J 0:,G1(z,0)+ 0:,Ga(,v).
€1,e0€K

g1+e2=¢

So, we obtain the desired result. The proof is complete. O
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The following theorem gives us the sum rule for two set-valued mappings under the connectedness
assumption.

Theorem 3.3. Let G1, Gy : X =2 Y be two set-valued mappings. Assume that the following condition
holds.

(Y, K) is a normal order complete lattice Hausdorff locally convex topological
(MR) vector space, G and Gy are K-convez,
G is connected at some point xo € domG; N domGs.

Then, for any (z,u) € grGy, (z,v) € grGy

XE(G1+Go)(z,u+v)= |J 8 Gi(z,u)+ 05Ga(z,0), Ve € K.

€1,e9€K
g1+e2=¢

Proof. At first, we prove that int(epiG1) # (). Since G is connected at x, there exists some neigh-
borhood Uy of xy and a mapping h : X — Y continuous at xy such that h(x) € G1(x) for all z € U.
Let yo € h(xg) +int K, i.e. h(zg) € yo — int K C yo — K which yields that yo — K is a neighborhood
of h(zo) and hence it follows from the continuity of the mapping h at xg that h=1(yy — K) is a
neighborhood of zg. By putting U = Uy N h~!(yo — K) which is a neighborhood of xq, we get that
Yo € Gi(x) + K for any x € U. On other hand, as yo — h(xg) € int K, there exists a neighbourhood
V of Oy such that yg — h(xo) +V C K. By using the fact that K + K = K, we obtain for any x € U
and y € yo + yo — h(zo) + V that

yEGl(l’)—Fyo—h(fL‘g)—FV-i-KCG1($>+K.

which yields that (zq, yo +yo — k(o)) € int (epiGy). Secondly, we prove that int(epi G1) NepiGy # 0.
We proceed by contradiction: Suppose that int(epiG1) N epiGe = (), then by separation theorem [5,
Theorem 1.1.3], there exist a nonzero (z*,y*, f) € X* x Y* x R such that

(x*, ) + (" y) < B < (% 2) + (' y),  V(x,y) €epiGy, Y(2',y) € epiGy (3.7)

As zg € dom Gy N dom G, we claim that there exists zg € Y such that (zg,29) € epiGy N epiGs.
Indeed, let y; € G1(xo) and yo € Ga(zo) and by taking 2z := sup(y1, y2), we obtain zy € G1(zg) + K
and zg € Gy(zo) + K i.e. (xg,20) € epiGyNepiGa. Since (z9, z0+u) € epiG; NepiGy for any u € K,
hence by taking in relation (3.7) x =2’ = xg, y =20 and 3/ = 29 +u (resp. x =2 =9, y =20+ u
and y' = zp), we obtain (y*,u) > 0, for all u € K (resp. (y*,u) <0, for all u € K), which yields that
y* = 0 since intK # . It follows from (3.7) that (z*,u) < 0 for all u € (domG; — dom Gs) and as
G is connected at xy € dom G Ndom Gy, one can see easily that Ox € int(dom Gy — dom G3) which
yields that x* = 0x- and this leads to a contradiction. O

Now, we illustrate our man results with the help of the following example.

Example 3.1. By taking X = R, Y = R and K = R, let us consider the following set-valued
mappings F, G: X =2 Y defined respectively, by

[_\/E’\/E]v lfl“ZOa

0, otherwise .

Gl(l') = {

Go(r) ={y e R: || <y < o[+ 1}.

It is easy to check that G; and Go are R -convex and connected at 0, hence the condition (MR) is
satisfied. so f

(G114 G2)(0,0) = | 8,G1(0,0) + 05,G2(0,0), Ve € K.

£€1,e0€K
g1te2=¢€
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Indeed, let ¢, €1, €2 € Ry, we get easily that
0:G1(0,0) = {aeR:ar<y+e, V(z,y) € grG1},

_ mq—mwkazib

0:,G2(0,0) = {aeR: ar <y+eo V(z,y) € grGa},
= [-1;1].
02(G1+G2)(0,0) = {aeR:ax<y+e Y(x,y) € gr(Gy + Ga)},

= {a€]—oolf €

1.

On other hand, by taking e; = € and €5 = 0, we see easily that 9(G1 + G2)(0,0) C 92 G1(0,0) +
02,G2(0,0). Thus

i —a)

8§<G1 + GQ)(Ov 0) - U aaslGl (07 O) + aangQ(Ov 0)) Ve € K.
£1,e0€K

€1+e2=¢

For the reverse inclusion, let a; € 92 G1(0,0) and ay € 95,G2(0,0) with g1 + 5 = €.

-1
o] € alel(0,0) and ay € 8§2G2(0,0) = a1 <0, g > 47, Qg € [—1; 1],

651
—1
= apt+a<l, & >—,
4051
—1
= apt+a<l, agt+a—-—1<—,
461

1

= artar<l, &> ,
e = 4(1 = (a1 + a2))

since € > €7.

Therfore, we obtain the equality
D(G1+G2)(0,0) = | 82,G1(0,0) + 05,G2(0,0), Ve € K.

£1,e9€K
g1+e2=¢

3.2 Composition

In this subsection, we provide the approximate strong subdifferential calculus of the composition
of two set-valued mappings. In what follows, Z is a real locally convex topological vector space
equipped with a nonempty pointed convex cone ). We shall work also with the following definitions:
for (,2) € XxZ, (A,B) € L(X,Y)X L(Z,Y), weset (A, B)(z,2) := A(x)+B(2). Let F : X =Y,
H: X=Zand G : Z ==Y be three set-valued mappings.

The composed set-valued mapping Go H : X =2 Y is defined by

|| G(2), ifz € domH,
(GoH)(z) = G(H(x)) := | zeH()
0, otherwise.
We have dom(G o H) = H™1(domG) NdomH where H!(domG) := {z € X : H(x) NdomG # 0}.
For a nonempty subset S C X, the set-valued indicator mapping RY : X =2 Y is defined by

RY() ::{ {0y}, if zes,

0, else.
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Definition 3.1. [8] Let G : Z = Y be a set-valued mapping and S C Z. G is said to be (Z, K)-
nondecreasing over S, if for any (21, 22) € S x S satisfying 21 <z, 22 we have G(z2) C G(z1) + K.

In what follows, we will need the following definition
L. (Z)Y):={Be L(ZY): B(Q) C K}.

Lemma 3.1. Let G: Z =Y be (Q, K)-nondecreasing set-valued mapping, (z,y) € grG and ¢ € K.
Then

Proof. Let A € 0°G(Z,y), then
G2)Cy+Alz—2)—ec+ K, Vze Z. (3.8)
Let w € Z; and by taking z = Z — w in (3.8), we obtain
Gz—w)Cy—Alw)—e+ K. (3.9)

As G is (Z4, K)-nondecreasing, we have G(z) C G(z —w) + K. Since y € G(2) and by using the fact
K + K = K, it follows from (3.9) that

Alw)+e € K, Yw e Z,.

Since @ is a cone, it follows that
A(w) —l—% € K, Ywe Zy,Vn e N,

which yields by letting n * +o0o that A(Z;) C K. O
Remark 3.2. It follows immediately from above lemma that if H is Q-convex, G is (Z;, K)-

nondecreasing and K-convex, then for any A € 0:G(z,y), the mapping A o H is K-convex.

Let us consider the following auxiliary set-valued mappings
F:XxZ =Y
(l‘, Z) = F<I) + RZpiH(‘T: Z)
G:XxZ =Y
(,2) = G(2)
Note that domF = (domF x Z) N epiH, domG = X x domG and grG = X x grG. In addition
epiG = X x epiG and epiF = (epiH x Y) N o~ !(epiF’), where ¢ is a continuous function defined
from X x Z x Y into X XY by p(z,2,y) := (z,y) for all (z,2,y) € X x Z x Y. It is easy to see that
if " and G are K-convex and H is Z,-convex, then F' and G are K-convex. Now, we are going to

show that the study of the formula 9*(F + G o H) can be reduced to that for 9*(F + ). For this, we

need the following lemma, which studies the relationship between the subdifferentials of F, G and
the subdifferentials of F', H and G.

Lemma 3.2. Let z € domF Ndom(Go H), u € F(x), 2 € H(x), v € G(2) and € € K, we have
(i) If G is (Z, K)-nondecreasing, then
AcB(F+GoH)(z,u+7) <= (A0 €dF+G)(Z,2),u0+0). (3.10)
(ii) 0:G((z,2),v) = {0} x &G(%,%).
(iii) If G is connected at Z € H(Z), then G is connected at (T, 7).
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Proof. (i) Let A € 05(F + G o H)(z,u + v), then we have
Flz)+(GoH)(z)—u—v—Alx—Z)+e C K, VreX,
and so, we obtain
F(x)+ Rip(x,2) + (GoH)(z) —u—0v—Alx —2)+e C K, Y(z,2) € X x Z,
which imply that
F(z,2)+(GoH)(z) —tu—0— Az — %)+ e C K, Y(z,2) € epiH. (3.11)

As G is (Z4, K)-nondecreasing, then for any (z, z) € epiH, we have G(z) C (G o H)(z) + K and so
by relation (3.11), it follows that
F(x,2)+G(z)—u—v—Alz—%)+e C K+ K CK,
hence we get ~ 3
Flz,2) +G(z,2) —u—v—Alx —2)+e C K, VY(z,z) € X X Z,

which yields (A, 0) € 9(F+G)((z, 2), u+v). Conversely, let us take any (A4,0) € 92(F4+G)((z, 2), u+
v), then

Flz,2)+G(x,2) —u—v—Alx —2) +c C K, VY(z,2) € X x Z,

ie.
F(2) 4 Repini(2,2) + G(2) —u—v— Az —2) +e C K, V(z,2) € X x Z.

Therefore for all (z, z) € epiH, we have
Flz)+G(z)—u—v—Alx — %)+ C K,
which implies that for all x € X
Fiz)+ |J Giz)—u—v—-A(z—2)+¢cCK,
2€H(z)

i.e.

F(x)
Finally, A € 92(F + Go H
(ii) Let (A, B) € 9:G((z, 2

+
(

H)(z)—ta—0—Alx—7)+ec CK, Yo e X,

+0).

(G
T, U B
y), then for all ((z,2),y) € grG = X x grG.

)
);

Al —z)+B(z—2) <gy—y+e. (3.12)
By taking z = z and y = ¢ in (3.12), it follows that for all z € X and n € N*

1
A(z) <k E(A(E) +e).

Since K is closed and pointed, we get A = 0, consequently 0:G((Z, 2),7) C {0} x 02G(Z, 7). For the
reverse inclusion, let B € 0°G(z,7), i.e
B(Z_Z) SKY—Y+e, V(Z>y> € ng

As grG = X x grG, we deduce that {0} x 9°G(z,7) C 9:G((%, 2),7).
(iii) As G is connected at z € H(Z), there exists a neighborhood V' of z and a mapping g: Z — Y
such that g(z) € G(z) for all z € V and g is continuous at z. Define the following function
g: XxZ =Y
(r.2) = g(2)

It is clear that § is continuous at (Z, %) and j(z,2) € G(z,v) for all (z,2) € X x V. Hence G is
connected at (z, z). O
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Now, we are ready to state our main results in this subsection.

Theorem 3.4. Let F: X =Y, H: X = Z and G : Z =Y be three set-valued mappings,
(z,u) € grF, (z,2) € grH and (z,v) € grG. Suppose also that the following condition holds.

(Y, K) is a normal order complete lattice Hausdorff locally convex topological
vector space, (Z,Q) is a Hausdorff locally convex space,
(MR), F, G are K-convex and H is Z -convez ,
G is (Q, K)-nondecreasing,
Jda € domF NdomH such that G is connected at some point b € H(a).

Then,
E(F+GoH)(z,u+v)= |J {05 (F+AoH)(z u+ A2)), A€ d;G(z,v)}, VeeK.
£1,e0€K
e1teg=¢

Proof. Let ¢ € K and prove at first that

E(F+GoH)(z,u+v)2 |J {0(F+AoH)(z,u+ A(2), A€ d,G(2)}
£1,e0€K
g1+e2=¢

Let A€ 0;,G(z,0) and B € 02 (F + Ao H)(Z,u + A(%)) with £ + €3 = ¢, then
(F+AoH)(z)—u—A(z) —B(r —7)+e2 C K, VrelX,
which means that for any (z,u) € grF and (z,z2) € grH
B(x —z)<gu—u+A(z—Z2)+e1. (3.13)
As A € 02,G(Z,v), we have
Gz) —v—A(z—2)+e2 C K, VzeZ,

which yields that
U (G-A)z)—v+A(E)+e2C K, VrelX,
z€H(x)

- (GoH)(x)— (Ao H)(x) -5+ A(Z) + &2 C K, Vze X,

Therefore,
A(z —2) <gv—v+e9, V(x,z)€grH, (z,v) € grG. (3.14)

From the inequalities (3.13) and (3.14), we get
Bz —7)<gut+v—u—v+e, V(z,u+v)eg(F+GoH),

ie. Beoy(F+GoH)(

z,u+v). For the reverse inclusion, let us take any B € 03(F+GoH)(Z,u+0).
According to Lemma 3. 2 (i),

we have
(B,0) € O5(F + G)((%,2),u + v). (3.15)

Under the condition (MR;) and by virtue of Lemma 3.2 (iii), the mappings F and G satisfy together
all assumptions of Theorem 3.3, hence we obtain

E(F+G)((z,2),u+0)= | 0F L)+ 05,G((7,2),0).
511—0—56226:KE

Then, there exists €1, €2 € K with 1 + 65 =€, and (T, A) € 8;’2@((@, z),v) such that

(B—T,-A) € 95, F((z,2),u).
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By virtue of Lemma 3.2 (ii), we obtain that 7" = 0 and A € 07, G(z,v). Now, let us show that
Bedi(F+AoH)(z,u+ A(Z)). As (B,—A) € 0 F((Z,%),u), we have for all (z,2) € X x Z

F()—l—Rele( 2)—u—Bxt—7)+A(z—2)+e CK,
which implies that

Flx)—u—B(r—2)+A(z —2)+e1 C K, V(z,2) € epiH.
Hence for all z € X, we have
+ U A()—(a+A(z)-Blx—1)+e CK,
z€H(zx)
Le.
(F+AoH)(z)— (u+A(2)) —B(zr —7)+¢1 C K.

Therefore, B € 02 (F + Ao H)(Z,u + A(Z)). O

Corollary 3.1. Let H : X = Z and G : Z = Y be two set-valued mappings, z € H(Z) and
y € G(z). Suppose that the following condition holds

(Y, K) is a normal order complete lattice Hausdorff locally convex topological
vector space, (Z,Q) is a Hausdorff locally convex space,
(MR) G is K-convex and H is Z -conves ,
G is (Q, K)-nondecreasing,
G is connected at some point of ImH.

Then,
Z(GoH)(z,y) = U {02 (Ao H)(z,A(2)), Ac 0.,G(Z,1)}, VeekK.
€1,e0€K

£1+e2=e

Consider now the case of composition with a linear operator. Let A : X — Z be a linear operator
and G : Z = Y be a K-convex set-valued mapping. By putting @ = {0z}, the function G is
obviously (@, K)-nondecreasing and A is Q-convex. So applying Corollary 3.1, one gets the following
result.

Corollary 3.2. Let x € X and y € G(A(Z)). Assume that the following condition holds

(Y, K) is a normal order complete lattice Hausdor(f locally convex topological
(MR) vector space, (Z,Q) is a Hausdorff locally convex topological vector space,
3 G is K-conver,
G is connected at some point of ImA.

Then,
2(GoA)z,y) = ] o2 J)oA, VeeK.

nek

Proof. 1t follows from Corollary 3.1 that

(GoA)zy) = |J {8, (BoA)z AX), B d,G(E7} (3.16)

€1 +£2:a

Moveover, it follows from the definition of the approximate strong subdifferential and the fact K
is closed and pointed that 02 (B o A)(Z, A(Z)) = {B o A}, hence by (3.17), we get

0{GoA)z,y) = |J {BoA: Bed,G(A)y)}
;11-7‘:5226:}(6
= U @.,G(A@).5) 0 A.
nek
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Corollary 3.3. Under the assumptions of Theorem 3.4, if we assume that F or H is connected at
some point of domF NdomH, then

AP +GoM)(@u+o)= |J {05F(@a)+8 (A0 H)(# A(), A€ &,G(50)}., Vee k.
€1,€9,63€K
€1+ez2tez=e

Proof. According to Theorem 3.4, we have
BE(F+GoH)(x,u+v)= U {02 (F+AoH)(z,u+ A(2)), A€ 02,G(Z,0)}.

€1,e0€K
£1+e2=¢

Let us note that Ao H is K-convex since A € L, (Z,Y). As F or H is connected at some point of
domF NdomH, we can see easily that F' or Ao H is connected at some point of domF Ndom(Ao H) =
domF NdomH. Hence from Theorem 3.3 we have

ZF+GoH)(z,u+v) = U { U {05,F@a)+02 (A0 H)(7,A(2))}, A€ 9,G(2,0)}.
£1,e0€K €3,84€K
€1te2=€ eztes=¢e1

= U {eF(.u)+03,(Ao H)(#, A(2)), A € 9,G(%,0)}.
€1,€9,63€K
€1+ez2tez=e

The following corollary is a result obtained in [1].

Corollary 3.4. Let f : X - Y U{4ooy}, h: X — ZU{+ooz} and g : Z — Y U {+ooy} be
three set-valued mappings, * € domF Ndomh such that h(x) € domg. Suppose also that the following
condition holds.

(Y, K) is a normal order complete lattice Hausdorff locally convex topological

vector space, (Z,Q) is a Hausdorff locally convex topological vector space,
(MR)4 f, g are K-convex and h is (Q-convex ,

g is (Q, K)-nondecreasing,

g is continuous at some point of h(domf N domh).

Then,
F(f+goh)(z)= |J &+ Aoh)(a).
A€d4g(z)

Proof. Let us consider the following set-valued mappings

[ {f(@)}, if x €domf, [ {M=)}, if z € domh,
Fylw) = { 0, otherwise, » Halw) = { 0, otherwise.

o [ H{g(@)}, if x € domyg,
o(2) = 0, otherwise.

It is easy to check that if ¢ is continuous at some point of hA(domf N domh) then the set-valued
mapping ¢ is connected at some point of Hp(domFy N domH}) and also we check easily that the
set-valued mappings Fy, Hj and G satisfy all the assumptions of Theorem 3.4. Therefore, we get
foralle € K

O (Fy+GooHy)(x, f(2)+9(h(z))) = | {02, (Fy+AoHy)(x, f(2)+A(M(T))), A € 05,Gy(h(Z), g(h(2)))}-

]
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4 Application to vector set optimization problem

This section is devoted to establish approximate optimality conditions for the following con-
strained vector set-valued optimization problem using approximate strong subdifferential and vector

e-normal set )
Min F(x),
(Ps) { x €S,

where F' : X =3 Y is a set-valued mapping and S is a nonempty convex closed subset of X. The
indicator vector set-valued mapping RS : X =2 Y is defined for the nonempty subset S C X by

v . {Oy}, if ¢z € S,
Rs(v) = { 0, elsewhere.

It is obvious that RY is proper. The problem (Pg) becomes equivalent to the unconstrained vector
set-valued minimization problem

®) { hglrel ()1;+ Rg)(x),

in the following sense.

K. o(F, S, K) =K. (F + R% X, K).
Lemma 4.1. (i) If S is convex and closed then RY is K -convex and for all z € S,

0:R%(z,0y) = N2 (z,S5), VeeK,
where

NI(z,S)={Ae€ L(X,Y): A(x —7) <k e, Ve €5}
is the set of e-normal vectors at x € S.
(it) If int(S) # O then, RY is connected on int(S).
Proof. (i) The epigraph of RY is given by
epiRg = {(z,y) e X xY: yeRy(x)+K}=95xK,

and its K-convexity follows easily from the convexity of S and K.

(ii) Let us consider the single following mapping h : X — Y defined by h(z) := 0y for all z € X.
Since Oy € RY(x), for any x € S, it follows that h(z) € R%(x), for any x € int(S), which ensures
that RY is connected on int(S). O

We are now ready to establish optimality conditions for problem (Pg).

Theorem 4.1. Let F': X ==Y be a set-valued mapping, S be a nonempty conver closed subset of
X, (z,y) € grF with x € S and ¢ € K. If the following qualification condition holds

(Y, K) is a normal order complete lattice Hausdorff locally convex topological
(MR), vector space, F is K-convez,
domF Nint(S) # O or F is connected at some point of domF N S.

Then (z,y) € K¢, o(F, S, K) if and only if, there exist e1,e3 € K with ey +¢e2 = ¢ and A € 02 F(,%)
such that —A € NZ,(z,5).

Proof. Since the problem (Pg) is equivalent to the unconstrained set-valued minimization problem
(P), we have (z,y) € K., s(F, S, K) for (Pg) if and only if

0 € 8(F + RY)(Z, 5 + Oy). (4.1)
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The conditions (MR); and Lemma 4.1, show together that the mappings F' and RY satisfy all the
hypotheses of Theorem 3.3. Hence, we get

0e |J @F(@7) +0,R4(z,0y),
€1,e0€K
g1+eE2=¢€

i.e. there exist €1,e0 € K with ) + 2 = ¢ and A € 02 F(z,y) such that —A € 07 R(z,0y) =
N¢ (z,5). ]

Example 4.1. Let us consider the following constrained vector set-valued optimization problem

Min F(x),
(P) { z € [0,1],

where F : R = R? is defined by
F(z) :={(a,b) € R*: a > |z|, b>a?}.
It is easy to see that F' satisfies the condition (MR); of Theorem 4.1, and for any (n1,72) € R2
oy F(0,(0,0)) ={(p,v) e R*: =1 <p <1, =2y <v <2y}

By taking £ = (1,1), &1 = (3,1) and &2 = (3, 1), we have

N (0,00,1)) = {(@, ) € R? : o < ,ﬁg;.

N | —

Obviously, (0,0) € 92 F(0,(0,0)), (0,0) € =N, (0,[0,1]) and &1 4+ g2 = €. Hence, (0,0) is a strong
(1, 1)-minimiser solution for (P ).

Let us consider the following general convex set-valued mathematical programming

problem
Minimize F(x),
(R)

H(z)N—-Q #0,
reClC.

where F' : X = Y and H : X = Z are two set-valued mappings, Z is a real locally convex
topological vector space, @ is a closed convex pointed cone with nonempty topological interior and
C be a nonempty closed convex set of X. For establishing the optimality conditions of this problem,
we will need the following lemma

Lemma 4.2. (i) If Z is a real locally convex topological vector space and Q C Z be a closed convex
cone, then the strong subdifferential of the indicator set-valued mapping R’ o : Z =Y is given by

OiRo(2,0y) ={A€ L (Z,Y): A(z) €[-¢,0y]}, VeeK.
(i) The indicator set-valued mapping RY ¢ is (Q, K)-nondecreasing on Z.

Theorem 4.2. Let F': X =Y and H : X = Z be two set-valued mappings, (Z,y) € grF with
re€Candze H(x)N(=Q) # 0. If the following condition holds

(Y, K) is a normal order complete lattice Hausdorff locally convex topological
(MR) vector space, (Z,Q) is a Hausdorff locally convex topological vector space,
6 F is K-convex and H is Q-convexz,

int(—Q) N H(C NdomF NdomH) # 0.

Then (z,y) is a strong e-minimiser solution of problem (R), if and only if, there exist 1,69 € K with
e1+e2=cand A€ L (Z,Y) such that

(a) A(Z) c [—82,0y].
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(b) 0 € 0 (F+AoH+ Rg)(x,y+ A(2)).

Proof. The feasible set associated to problem (R) is given by S ={z € X : Hz)N-Q #0} N C,
and it is easy to check that Rg = R¢, + R” o H. Hence the problem (R) becomes equivalent to the
unconstrained set-valued minimization problem

Minimize(F' + R¢ + RY g o H)(z),
T e X.

Thus, (Z,¥) is a strong e-minimiser solution of problem (Q), if and only if,
0€9X(F+ R¢+ RV o H)(7,y).

Let us observe that
epi(F + R¢) = epiF N (C x YY),

which assert that the convexity of the set-valued mapping F' 4+ R¢, follows from the convexity of the
epigraph of F' and the convexity of the subset C. Also, let us note that the conditions (z,y) € grF’
with z € C and z € H(z) N (—Q) # 0 may be written equivalently as (z,y) € gr(F + Rg),
(z,7) € grH and (z,0y) € grR’ . According to Lemma 4.1 and Lemma 4.2, the set-valued mappings
F + R¢, H, and RY satisfy together all the assumptions of Theorem 3.4 and thus we obtain
that (Z,y) is a strong e-minimiser, if and only if, there exist e1,e9 € K with &1 + 2 = ¢ and
A€ LR (2,0y) ={A€ L (Z,)Y): A(z) € [~&2,0y]} such that

0 € 5,(F + Ri+ Ao H)(z,5 + A(2)).

The proof of theorem is complete. O
Corollary 4.1. Under the assumptions of Theorem 4.2, we assume, in addition, that F' is connected
at some point of C' and H is connected at some point of C. Then (Z,y) is a strong minimiser of

problem (R) if and only if, there exist £1,e9,e3,64 € K with ey +e9+e3+e4=¢, A€ Ly (Z,Y),
B € 0 F(z,y) and T € 02,(Ao H)(Z,0y) such that

(a) A(z) € [—&2,0y].
(b) —T — B € N2 (z,C).

Proof. According to Theorem 4.2, we have (z,y) is a strong e-minimiser of problem (R) if and only
if, there exist ny,1m, € K with gy + 7o =n and A € L (Z,Y) such that A(Z) € [—1n92,0y] and

0 € (F+AoH+ R (5 + A%)).

The fact that A € L (Z,Y) yields that Ao H is K-convex. As H is connected at some point of C, it
is easy to check that Ao H is connected at some point of C'. The convexity of the set-valued mapping
Ao H + Ry follows from the convexity of the epigraph of A o H and the convexity of the subset C'.
The set-valued mappings F' and Ao H + Ry, satisfy together all the assumptions of Theorem 3.3 and
hence we obtain

0€d (F+AocH+R)(Z,y+A(Z)= U 05,F(@9) +09,, (Ao H+ RE) (7, A2)).

n3, N4 €K
n3+na=n1

On other hand, it is clearthat the set-valued mappings Ao H and R¢. satisfy together all the hypothesis
of Theorem 3.3 and hence we get

0 €0 (F+AcH+RE)(Z,5+A(Z) = {8;3]7(97;,@)4— U {8;5(A0H)(9‘c,A(Z))#—(?ZGREY(E,OY)}}.
TS et

i.e., m3,ma,m5,m6 € K with nz +n4 = m, 15 + 16 = na and B € 9, F(7,y) and T € 9, (Ao H)(z,0y)

such that —T — B € 0, R¢.(7,0y) = Ny (7,C). By putting, &1 = 13, €2 = n2, €3 = 15 and &4 = 1,
we get €1 + €9 + €3 + 4 = €, which completes the proof of theorem. O
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Tab. 1: Paper Notation Summary
Symbol | Meaning
XY Topological vector spaces

K C X | Closed, convex cone (used to define an order)

<k 1y | Ordering relation: y —x € K

int(A) Interior of the set A

dom(G) | Domain of the set-valued mapping F, i.e., {z € X : G(z) # 0}
gph(G) | Graph of the set-valued mapping F, i.e., {(z,y) |y € G(z)}

epixg G | The epigraph of the set-valued mapping
O°F(z,y) | Strong subdifferential of the set valued mapping F at (z,y)
0¢F(z,y) | Approximate Strong subdifferential of the set valued mapping F
at (z,y)
(z) | Normal cone to the set C at point =
0°f(x) Strong Subdifferential of a vector convex function f at point x
dom(F') | Domain of the set-valued mapping F'
) Closure of the set A

co(A) Convex hull of the set A
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