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Abstract

Geometric vertex algebras are a simplified version of Huang’s geometric vertex operator algebras. We give a self-contained
account of the equivalence of geometric vertex algebras with Z-graded vertex algebras.
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1 Introduction

A theorem of Huang [6] establishes the equivalence of vertex operator algebras and geometric vertex
operator algebras. We give a self-contained account of this theorem in the simplified setting of Z-
graded vertex algebras and geometric vertex algebras, that is, without the infinitesimal conformal
symmetries given by the Virasoro algebra.

Both geometric vertex algebras and Z-graded vertex algebras have an underlying Z-graded vec-
tor space V = @z Vi over C. In a geometric vertex algebra, the multiplication maps o take
elements aq,...,a, € V placed at pairwise distinct points z1,..., 2, € C, and the product

play, ... an)(21, ... 2n)

is an element of V := [];cz V& which contains V as a subspace. Since the result of the multiplication
is an infinite sequence of elements of V instead of a single element of V), associativity is not formulated
in the usual way but instead involves an infinite sum. Furthermore, p(a)(z) holomorphically depends
on z = (z1,...,2,), and behaves meromorphically as the z; come closer to each other. By contrast,
the corresponding vertex algebra contains the Laurent expansions of the functions u(a, z,b,0) € V
of z € C\ {0} for all a,b € V, whose coefficients turn out be elements of V.

Theorem. The category of Z-graded vertex algebras is equivalent to the category of geometric vertex
algebras.

RELATED WORK. The analogous theorem of Huang is Theorem 5.4.5 in [6]. The meaning of the
above theorem is very close to that of Theorem 2.12 in Runkel’s lecture notes [§]. The holomorphic
integral scale covariant field theories of [8] are very similar to geometric vertex algebras. The main
difference is the kind of convergence in the infinite sum in the associativity axiom. The definition
of geometric vertex algebras in this article uses normally convergent sums in its associativity axiom,
as opposed to pointwise convergence as in [§], seen to imply pointwise absolute convergence there.
We show that the geometric vertex algebra constructed from a Z-graded vertex algebra always has
normally convergent sums in its associativity property.
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Costello and Gwilliam construct Z-graded vertex algebras from certain holomorphic factorization
algebras on C in [I]. Our exposition of obtaining a vertex algebra from a geometric vertex algebra is
modeled on their work.
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2 Holomorphic Functions and Normal Convergence

Unless stated otherwise, all vector spaces are over the field C of complex numbers. Geometric vertex
algebras have an n-ary operation parametrized by z € C™\ A where

A=A, ={(z1,...,2,) € C" | z; = z; for some i,j € {1,...,j} with i # j}.

for every natural number n > 0. We write A instead of A,, when n is apparent from the context.
Before giving the definition of a geometric vertex algebra, we explain the relevant notions of holo-
morphicity and convergence of infinite sums of holomorphic functions. Both are based on considering
finite-dimensional subspaces of the Vy, for all k € Z of a Z-graded vector space V), a reflection of the
rather algebraic nature of vertex algebras.

Definition 2.1. Let U C C" be open and X be a vector space. A map f : U — X is holomorphic if f
is locally a holomorphic function with values in a finite-dimensional subspace of X. This means that
every point p € U has an open neighborhood V' together with a finite-dimensional subspace Y C X
with f(V) CY and f|y : V — Y holomorphic. If V is a Z-graded vector space, then V := [icz Vi
and pg : V — Vi denotes the projection for k € Z, and O(U; V) denotes the vector space of V-valued
functions f on U each of whose components py o f is holomorphic.

Note that if Y’ is another subspace of X such that f(V) C Y’ then f|y is holomorphic as a
map to Y’ if and only if f|y is holomorphic as a map to Y. The following proposition is a version
of the identity theorem for holomorphic functions in our sense. Its proof uses the Taylor series of
holomorphic functions, which can be defined locally and whose coefficients are again holomorphic
functions U — X. See [0, Chapter I, A, Theorem 6] for the identity theorem in the case of X = C,
and a more detailed version of the proof given below.

Proposition 2.2 (Identity Theorem). Let U C C™ be connected and f : U — X be holomorphic.
If f=4(0) has non-empty interior, then f = 0.

Proof. Let I be the interior of f=1(0). The set I is equal to the set of points at which the Taylor series
of f vanishes because f is holomorphic. The coefficients of the Taylor series of f are holomorphic
functions on U, so their zero sets are closed subsets of U. Hence [ is closed as the intersection of
closed sets. Since I C U is closed, open and non-empty, and U is connected, it follows that U = I C

f710). 0
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If f: U — X is holomorphic, then f(K) is contained in a finite-dimensional subspace of X for all
compact K C U. As a corollary to the previous proposition, a holomorphic function on a connected
set like C™\ A,, globally takes values in a finite-dimensional subspace of X.

Corollary 2.3. Let U C C" be open, X be a vector space, f : U — X be holomorphic. If U is
connected, then f(U) is contained in a finite-dimensional subspace of X.

Proof. Let p € U and let V' be an open neighborhood of p in U such that f(V') is contained in a
finite-dimensional subspace Y. Let f be the composite of f and the quotient map X — X/Y. It
follows that f is holomorphic because locally f is the composite of f and a quotient map between
finite-dimensional vector spaces. The holomorphic function f is zero on V by construction. The
identity theorem for holomorphic functions implies that f = 0, so that f(U) C Y. O

Recall from [7, Part A, Chapter 3] that a series Y, fi of holomorphic functions on an open U C
C™ is called normally convefrgent if every p € U has a neighborhood V' such that > ,c; || f|lv < oo,
where || f||y = sup ey |f(q)] is the supremum semi-norm of f on V. Normal convergence is equlvalent

to > ier || fillx < oo for all compact K C U, and this is the condition we generalize to our setting.

Definition 2.4. Let U C C" and X be a vector space. A sum ) ,.; f; of holomorphic X-valued
functions on an open U C C" is normally convergent if, for all compact K C U, there exists a
finite-dimensional subspace Y such that f;(K) C Y for all i € I and Y,/ ||fil|[x < oo, where the
supremum semi-norm ||f;||x = sup,cx ||fi(x)||y refers to one of the equivalent norms ||-||y on Y.

3 Geometric Vertex Algebras

Definition 3.1. A geometric vertex algebra consists of:

o A Z-graded vector space V = @,.cz Vi over C.
e Linear maps p: V" — O(C™\ A; V) for n > 0 where V = [[cz V. For all n, we write

pa)(z) = pla, z) = plar, 21, . . ., an, 2n)
for the value of the function corresponding to a = a1 ®...®a, € V¥ at z = (z1,...,2,) € C"\A.

The axioms of a geometric vertex algebra are:

e (permutation invariance)
u(a®,2%) = p(a, 2)
for a € V", z € C" \ A and every permutation o € 3,,.

e (insertion at zero)
pi(a,0) =

for all @ € V, where a is viewed as element of V via the embedding
V=@V, = ][[V.=V.

e (associativity) For ay,...,am, € V, by,...,b, €V, z€ C™1\ Al w e C"\ A with max; |w;| <
minlgjgm ’Zj — Zm+1’, and [ € Z,

Z pup(a, 215 -+ s Ay Zmy P01, W1, - o by W)y Zimt1) (3.1)
kEZ
= pip(ar, 21, - -+, Gy Zmy 01, W1 + Zma1, -+ bny Wy + Zimg1) (3.2)

where the sum of V;-valued functions of z and w is normally convergent. Here m > 0 and n > 0.
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Fig. 1: In the associativity axiom of a geometric vertex algebra, the w; + 2,,4+1 have to be closer to z,,+1 than any
of the other z; for 1 < j < m.

e (C*-equivariance) For all z € C*, ay,...a, € V and w € C"\ A
zpp(ar, w, ..., an, wy) = p(z.a1, 2wy, ..., 2.0y, 2Wp,)
where z € C* acts on V and V via multiplication by 2! on V), for all [ € Z.

e (meromorphicity) For all a, b € V, there exists an integer N such that the function 2V pu(a, 2, b, 0)
of z € C\ {0} extends holomorphically to a function of z € C.

In the associativity axiom of a geometric vertex algebra, the condition that

max lw;| < 1gjngnm |2 — Zm1]

is equivalent to saying that all w; + 2,41, j = 1,...,n, are contained in the largest open ball
around 2,41 not containing any of the z; for i = 1, ..., m. See Figure[I] Leaving out the projection p;
in and and taking normal convergence of sums in V to mean normal convergence in
each V;, | € Z, associativity says that

Z ,U/(ala 21y s Qmy, ZTI’Hpk/'L(bl?wh <. >bn7 wn)7 Zm+1) (33)
keZ
= (a1, 21, -+ oy Gy 2y D1, W1 F Zit 1y -+ oy by Wiy + Zimg1)- (3.4)

We use the sum in (3.3) as the definition of repeated multiplication in a geometric vertex algebra
when the associativity axiom implies that this sum converges.

Definition 3.2. Let (V, u) be a geometric vertex algebra. For ai,...,am, € V, by,...,b, € V, z €
C™M\ A, we C"\ A with max; |w;| < minj<j<pm |2 — Zm+1], let

,U'(alv Ry Qm,y Zm, /,L(bl, Wi,y .., bn7wn>> Zm—i—l)
= Z ,u(aly Rly« -y amy, vapk,u'(blawla s 7bnawn)a Zm—l—l) € v)
keZ

so that associativity can be written as
M(al, 21y ey my Zmy, M(bh Wi, - - 7bn7 wn)a Zm-f—l)

= (a1, 21, -+ 5 Gy 2y D1, W1 F Zit 1y -+ oy by Wiy + Zimg1)-

By permutation invariance the multiplication p only depends on the set of pairs
{(a1,21), -, (am,2m)}
for ai,...,a, € V and z € C™\ A and not on the ordering of the pairs.
Definition 3.3. The image u(0) of 1 € C under the multiplication map

C=V* = 0@pt; V)=V

for n = 0 is called the vacuum vector |0) of V, or unit.
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The vacuum vector is actually an element of Vy C V because it is invariant under the action of C*.
The case n = 0 of the associativity axiom implies that

M(alyzla cooy Qmyy Zmy, |0>7zm+l) - /L(CLl,Zl, o ,CLm,Zm)

for ai,...,a, €V and z € C™H\ A

The next proposition says that the action of C* on V extends to an action of the group C* x C
of affine transformations of C on the subspace

Vbb:{QJEV’HCEZ Vk < C:xzp =0} (3.5)

of bounded below vectors. More generally, when constructing geometric vertex algebras from vertex
algebras, we will show that p(aq, 21, .. ., am, zm) vanishes in sufficiently low degree, i.e., is an element
of V. If the Z-graded vector space V is bounded from below, that is, if there is an integer K such
that V, = 0 for all k¥ < K, then Vi, = V. We do not need the next proposition to obtain a vertex
algebra; rather it explains how the m = 0 case of associativity can be thought of as translation
invariance of 1 by making translations act on Vy, by using p.

Proposition 3.4. The vector space Vi, is a representation of G = C* x C where w € C acts
as w.r = Y ez (pr(r),w) and A € C* acts as (\.x)x = Nay for v € V.

Proof. For wi,wy € C and z € Vb

wl‘(w2'$> = Z 1% (pkl (Z /j’(pk?(x)uw?)) 7w1)

ki1€Z ko€Z
- Z Z H pkl pkz ) ))7w1)
ki1€Z ko€Z
= Z Z H pkl pkz ) ))>w1)
ko€Z k1€Z
= > 1i(pre (), w2 + wy) (3.6)
kocZ

= (w1 +ws).x,

where the sums are exchangeable because they are finite in each component of V and line (3.6)) uses
the associativity of V for m = 0. Furthermore

O:U—Zupk Zpk

kEZ keZ

These actions of C* and C assemble to an action of C* x C because

Aw.(A2) = A D plpr(Az), w)

= > A p(A (), w)

keZ

= > plpr(z), Aw

keZ

= (\w).x
because of C*-equivariance. O

Definition 3.5. If V is a Z-graded vector space and v € V is homogeneous, then |v| denotes the
degree of v. If f :V — V' is a morphism of Z-graded vector spaces, then f extends to a linear
map f:V — V' given by f in each component.
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Definition 3.6. A morphism f : (V,u) — V', i) of geometric vertex algebras is a morphism f :
Y — V' of Z-graded vector spaces such that

f(ﬂ(alvzl, . "an)) = :u,(f(a1>a217 s >f(an)azn)

for all aq,...,a, € V and n > 0.

The definition of a Z-graded vertex algebra given in the next section involves the modes which
are linear maps V — V. We now define the modes in terms of a geometric vertex algebra, and show
that they arise as the coefficients of the Laurent expansion of the function u(a, z,—,0) of z € C\ {0}.

Proposition 3.7. Let (V, 1) be a geometric vertex algebra. Let a € V and k € Z. The k-th mode
of a is a well-defined linear map

(k) - yV —V
1
b— a)b : —/ 2Fu(a, z;b,0)dz.
Sl

= o

If a € V is homogeneous, then ay is homogeneous of degree la| — k — 1. A priori, the map aggy s
well-defined as a map V — V. Recall that we identify V = @y, Vi with its image in V = [[, Vi under

the natural injection.
Proof. Let a,b € V be homogeneous. Note that z.(ag)b) = z‘“"k_lﬂma(k)b for all z € C* because
2mi z.(agyb) = 2. /Sl w® (@, w; b, 0)dw
= s w”z.pu(a, w; b, 0)dw
= /51 wp(z.a, zw; 2.b,0)dw

= 2l F [k (a2 b, 0)dw
5’1
— Z‘a|*k*1+|b| / . wkﬂ(a’ w; b7 O)dw (substituted w/Z)
zS
_ lal—k—1+p / b, w:b, 0)dw (holomorphic)
s

= 27 z‘a|_k_1+|b|a(k)b.

This implies that p;(agb) is zero if | # |a| — k — 14 [b]. Thus a)b € Vjgj—k—14p) € V. Since every
element of V is a finite sum of homogeneous elements, it follows that ag)b € V for all a,b € V. [

Definition 3.8. Let V be a Z-graded vector space over C. Let A C C be an annulus with
center 0. If f : A — V is a holomorphic function, meaning in particular that it takes values
in a finite-dimensional subspace in each degree, then we define the Laurent expansion L(f)(x) €
[Tiez Vi[[zF1]]) of f on A componentwise.

For V a Z-graded vector space, we identify V[[z*1]] with a subspace of

[T (Wlla*1) = ( 11 vk) [=*1]] = V[[l*"]]
via the injective linear map
St (San)
l l

Proposition 3.9. Let (V,u) be a geometric vertex algebra. For all a,b € V, the Laurent expan-
sion L[z — p(a, 2,b,0)](z) is an element of V[[z*']] and is equal to Y agyb =71

keZ
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Proof. By the integral formula for the coefficients of the Laurent expansion

Lz — pla,z,0,0)](x k_ZZM/lepk u(a, z,0,0))dz - =1

leZ
! —1-1
=> ( / 2'p(a, z,b, O)dz) T
ez 271
= prlagb)z™
leZ

For fixed | € Z, the sum 7, pr(aq)b) is finite and equals a()b, so 3, a l)bx s the desired preimage.
O

Proposition 3.10. Assume that the underlying datum (V, ) of a geometric vertex algebra satisfies
all the axioms of a geometric vertex algebra except meromorphicity. If V is bounded from below,
then (V, i) is meromorphic.

Proof. If V is bounded from below, then meromorphicity follows because
(b, w,c,0) Zb(k

for w # 0, and |bgc| = [b|+|c| —k—1 for b and ¢ homogeneous, so by c is zero for k large enough. [

4 \Vertex Algebras

Definition 4.1. A Z-graded vertezr algebra consists of:

e a Z-graded vector space V = @z V, over C,
e a linear map

Y : ¥V — EndV[[zHY]

a—Y(a,x)= Z a(k)x_k_l,
keZ

where the k-th mode a(;y is a homogeneous endomorphism of V of degree |a| — k — 1 for homo-
geneous a € V,

e a degree 1 endomorphism 7" of V,

e a vector |0) € Vy called the vacuum,
such that:

e (locality) For all a,b € V, there exists a natural number N such that
(z = )"V (a,2), Y (b,y)] =0
in End(V)[[z%!, y*1]).
e (translation) 7'|0) = 0 and [7,Y (a, )] = 0,Y (a, z) for all a € V.
e (creation) Y(a,z)|0) € a + xV[[z]] for all a € V.
e (vacuum) Y (|0), z) = idy.

Remark 4.2. In terms of the modes of a € V, the translation axiom for a € V is equivalent to
demanding that [T a(k)] = —ka(—y) for all k € Z. The creation axiom for a is equivalent to the
equation a(_1)|0) = a and a(|0) = 0 for & > 0. The vacuum axiom says that for all a € V we
have |0)ya = 0 for k # —1 and [0)_ya = a.
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In a vertex algebra, the translation operator 7" and the vacuum |0) are uniquely determined by
the vertex operators Y (a, ) as in the following proposition.

Proposition 4.3. Let (V,Y,T,|0)) be a vertex algebra. Then T'a = a(_4)[0) for alla € V. IfacV
satisfies Y (a,x) = idy, then a = |0).
Proof. Let a € V. It follows that
Ta= Ta(_1)|0> = [T, a(_l)]|0> + aT|O> = a(_2)]0> +0
by the creation axiom and the translation axiom. If Y'(a, ) = idy, then
a =Y (a,)|0)|z=0 = id(|0))|z=0 = [0)

by the creation axiom. O
Definition 4.4. A morphism f : (V,Y,T,|0)) — (V,Y',T",|0)) of Z-graded vertezx algebras is a
morphism f : V — V' of Z-graded vector spaces such that

f(Y (a,2)b) = Y'(f(a), z) f () (4.1)
for all a,b € V and f(]0)) = (0)".
Remark 4.5. Equation {4.1|says that f(a@)b) = f(a)wy f(b) for all k € Z. It follows from Proposi-

tion [£.3] that
f(Ta) = fla-9)0)) = f(a)-2y f(10)) = f(a)(2y[0)" =T"f(a)
it f:(V,Y,T,|0)) — (V,Y', T /|0)) is a morphism of vertex algebras.

5 The Equivalence of Categories

In this section, we describe functors ® and W relating the categories of geometric vertex algebras
and Z-graded vertex algebras, and prove that they are well-defined on morphisms and inverse to
each other on objects and morphisms. Section |§| shows that ®(V, u) is a Z-graded vertex algebra
if (V, p) is a geometric vertex algebra. Section m shows that W(V,Y, T, 1) is a geometric vertex algebra
if (V,Y,T,p) is a Z-graded vertex algebra.

Definition 5.1. On morphisms, the functor ® from the category of geometric vertex algebras to the
category of Z-graded vertex algebras is defined by the equation ®(f) = f of underlying morphisms
of Z-graded vector spaces.

On morphisms, the functor ¥ from the category of Z-graded vertex algebras to the category of
geometric vertex algebras is defined by the equation ¥(g) = ¢ of underlying morphisms of Z-graded
vector spaces.

We now state a more detailed version of the theorem.

Theorem 5.2. The category of geometric vertex algebras is isomorphic to the category of Z-graded
vertex algebras.

There is a bijection ® which maps a geometric vertex algebra (V,u) to a Z-graded vertex alge-
bra (V,pn) = (V,Y,,T,,10),) where

Y(a,2)b = L[z = pla, 2,b,0)](z) (€ V[[2™]))
Ta = 0.pu(a, z)|.=0
10) = p()

for all a,b € V. The inverse ¥ of ® is given by V(V,Y, T, |0)) = (V, uy) where, for a = ayq,...,an, €
VE™ m >0, the function py (a) is the unique V-valued holomorphic function on C™\ A such that

py(a)(z) =Y(ar,21) ... Y (am, 2m)|0)
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for z=1(z1,...,2m) € C™\ A with |z1| > ... > |zm].

If f:V =V be a morphism of Z-graded vector spaces, then f is a morphism (V,u) — V', 1)
of geometric vertex algebras if and only if f is a morphism ®(V,u) — (V' 1') of Z-graded vertex
algebras.

The right-hand side above is equal to

Z al(kl)z*klfl . Z am(km)z*km*1|0>

klez kaZ

_ —k1—1 —km—1

== Z al(kl) am(km)’0>zl e Zm
keZm

where every sum converges normally in each component of V by Proposition Here, the modes ay) :
V = VioraeV, k€Z and V a Z-graded vertex algebra or geometric vertex algebra extend to
linear maps a) : V — V as finite sums of homogeneous maps which all extend to linear maps V — V.

An equivalent definition is ax)b = >7jcz agypib for a € V,b € V.
Proposition 5.3. The functor ® is well-defined.

Proof Proposmon [6.3 says that ®(V, ) is a well-defined Z-graded vertex algebra. If f : (V [ —
(V' 1) is a morphism of geometric vertex algebras, then ®(f) : (V,Y,, Ty, 0),) = (V', Yy, Tjw, |O> W
is a morphlsm of Z-graded vertex algebras because

(f)([0)) = £(10)) = f(u(D)) = 1'(0) = [0} = [0}

and

() (Yula, 2)b) = f(Ya(a, 2)b)
= [ (L[z = pla, 2,b,0)](z))
= L[z = f(ula, 2,b,0))](x)
= L[z = p/(f(a), z, f(b),0)](x)
= Y (f(a), 2)f(b)
= Y (®(f)(a),z)f(b)

for all a,b € V. Since ® is the identity mapping on underlying morphisms of Z-graded vector spaces,
it follows that ® is compatible with composition and preserves identity morphisms. O

Proposition 5.4. The functor ¥ is well-defined.

Proof. Proposition says that W(V,Y, T, |0)) satisfies the axioms of a geometric vertex algebra,
and py as in the statement of the Theorem is constructed in Proposition Let f: (V,Y,T,[0)) —

(V',Y',T",10)") be a morphism of Z-graded vertex algebras. If Y (a, 2)b =Y "jcz a2 *'b converges
absolutely in each component of V for a € V,b € V,z # 0, or all z € C if qb = 0 for k > 0, then
the sum defining Y (f(a), z) f(b) converges absolutely, too, and is equal to f(Y (a, z)b) € V because

Y(f(a),2)f(b) = > fla)ayz""""f(b)

keZ

=3 flagz""""b)

keZ

k€EZ
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We conclude that W(f) : (V,uy) = (V', uy+) is a morphism of geometric vertex algebras because

U( )y (at, 215y am, 2m)) = fluy (a1, 21,5 Gm, 2m))
= f(Y(a1,21) ... Y(am, z)]0))
=Y'(f(a1), 21) ... Y'(f(am), zm) f(10))
=Y'(f(a1), 21) ... Y'(f(am), 2m)[0)
= py'(f(a1), 21, f(am), 2m)
= py (2(f)(a1), 21, .., ®(f)(am), 2m)

for ai,...,a, € V and z € C™ with |z1| > ... > |z, and hence all z € C™ \ A by the identity
theorem. Again, it follows that ¥ is compatible with composition and preserves identity morphisms.

Proof of Theorem[5.9 First, we prove that ® o ¥ = id. Let (V,Y,T,|0)) be a Z-graded vertex
algebra. To prove ®(¥(V,Y,T,|0))) = (V,Y,T,|0)), it suffices to prove Y,, =Y as a consequence of
Proposition By construction

Yoy (a,2)b = Llz = py(a, 2,b,0)|(x) = L[z = Y(a, 2)b](z) = Y (a, z)b
for all a,b € V.

We now prove that Wo ® =id. Let (V, u) be a geometric vertex algebra. Note that U(®(V, u)) =
(V, py,) where

py, (a1, 21, -y Qms Zm) = Yu(ar, 21) - Yu(am, 2m)|0),
=D aaE T D ami) 0 (5.1)
ki1€Z km€Z

forallay,...,a, € Vand z € C™\A with |21 > ... > |z,,| by Proposition|7.2/applied to the Z-graded
vertex algebra ®(V, ) = (V,Y,,7,,]0),). The modes in are those of (V, 1), so Proposition
implies that

py, (a1, 21, .., Gy 2m) = p(a1, 21, - - ., Gy Zm)
forall ay,...,an € Vand z € C™\ A with |z;| > ... > |zy|. Thus, for fixed a, the functions uy, (a, 2)
and p(a, z) of z € C™ \ A are analytic continuations of the same function, and therefore agree by
the identity theorem.

The statement about morphisms in the theorem follows from Proposition [5.3] and Proposition [5.4]
Both ® and ¥ are the identity mapping on underlying morphisms of Z-graded vector spaces, so it
follows that ® o ¥ = id and ¥ o & = id on morphisms, too, proving that ® is an isomorphism with
inverse W. O]

6 From Geometric Vertex Algebras to Vertex Algebras

Given a geometric vertex algebra, we construct a Z-graded vertex algebra with the same underlying Z-
graded vector space.

Proposition 6.1. Let V be a geometric vertex algebra. Let aq,...,an, € V and i,j € {1,...,m}
with i < j. For all (z1,...,2i-1, 2i41,- -, 2m) € C" I\ A and e > 0 with € < |z — z;| for alll #1, 7§,
1

k
— 2 — 2; a, z)dz;
2mi /&935(zj)( i) wla,2)

—_—
= u(al,zl, ey gy By e e ,aj,l,zj,l,ai(k)aj,zj,ajJrl,szrl, .. .,am,zm).

Proof. Using permutation invariance and associativity

p(a,z) = Zu( @y 2y i@, 2 — 24,04,0), 25, )
leZ
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and this series of functions of z; converges normally in each component of V. It follows that we can
exchange integration over 0B.(z;) with summation to get

1
i /aB o\ %) o, 2)d
1 k
= Q7 Zis e Pl—— 2 — Z; a;, 2 — 2i,ai,0)dz;, 25, ... )dz;.
=l @iy [ )l = 205, O

Here, we may move the integral into the argument of x and p; because these maps are linear and the
relevant functions take values in finite-dimensional subspaces. Shifting the contour integral to zero
and noting that it does not matter whether we integrate around a circle of radius € or 1 as in the
definition of the modes, we get

1 k 1 k
5 /83 ( .)(zz- — zj)"plai, 2z — zj,a5,0)dz; = 50 /835(0) w"p(a;, w,a;,0)dw
= Qi(k)4j
and thus
1
%/83 (zj)(zi—zj) w(a, z)dz; = g,u az,zz,...,plai(k)aj,zj,...)
= ( '7@7'"7Zpla’i(k‘)ajazj7"'):/’L("'amw"7plai(k:)a/j7zj7"')
I€Z
because the sum is finite. O

Fori,j e {1,...,m} with i < j, let U;; be the set of z € C™\ A with |z — z;| < ming ; |2 — 2.
The following proposition is the analogue of Proposition 5.3.6 from [I, p. 167] for geometric vertex
algebras. It expresses products for z; close to z; in terms of a series in z; — z; and other vertex algebra
elements inserted at z; and goes by the name of operator product expansion (OPE).

Proposition 6.2. Let V be a geometric vertex algebra and let ay, ..., a, € V. For z € Uy

—k—1
/J/(al,Zl,...,am,Zm ZM alvzlv'"7a’i(k,‘)a/jazj7"~)(z’i_Zj)
keZ
with normal convergence.
Proof. For fixed zi,...,2i-1,%i+1,...,2m the left-hand side is a holomorphic function of z; such

that z € U;;. The integral formula for the coefficients of the normally convergent Laurent expansion
and Proposition imply

pla, 2) kz: 5 /dB w—2) (.. anw, .. a2, )dw(z — z) TR
Y/
= Z,u al,zl,...,ai(k)aj,zj,...)(zi—zj)*kfl.
kEZ

]

Proposition 6.3. If (V, i) is a geometric vertex algebra, then (V,Y,,T},|0),) is a Z-graded vertex
algebra.

Proof. We determine the degrees of T}, and |0), using the action of C* and the equivariance axiom
similarly to how we determined the degrees of the modes in Proposition For all z € C*,

2100 = 2.0(0) = pu(0) = 0},
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so |0) € Vy C V since this shows that p;|0) = 0 for [ # 0. For all z € C* and a € V homogeneous,
we have

2.Tya = 2.0pp(a, w)|w=0 = Owz.p(a, w)|w=o = Owit(2.a, 2W)|w=0

- aw:u<z‘a|aa Zw)|w:0 = Z|a|+18w,u(a, w)’w=0 = Z|a‘+1T#CL

so Tya is concentrated in degree |a| + 1. It follows that the image of T}, is a subset of V, and T}, has
degree 1.

Locality: Let a,b,c € V. It suffices to treat the case of a, b, c homogeneous. Applying Proposition|[6.2
twice, we find

wla, z,b,w,c,0) = Z,u(a, z,bgyc w1 0) = Z Za(k)b(l)c PR
1 Ik

with normal convergence for |z| > 1 > |w| > 0. Let
A r={2€C|r<|z| < R}

for 0 < r, R < co. Using a similar notation for the Laurent expansion of functions of several variables
on products of annuli, we get

Lz wyea sxap, 1@, 2,0, w, ¢,0)(z,y) = Yy(a, 2)Y,(b,y)c
and analogously
Lz w)eaon x aroas 2,0,w, ¢,0)(x,y) = Y (b, y)Yu(a, x)e.
For all N ¢ N
Lizw)earax o, (2 = w) " p(a, 2,0,w,¢,0)(z,y) = (x — y)"Yiu(a,2)Y,(b, y)e
Lz e a0 xara (2 = )V p(a, 2,b,w,¢,0)(2,y) = (& — y) " Yau(b,y)Ya(a, x)c

because Laurent expansion intertwines the action of polynomials as functions with the action of
polynomials as formal polynomials. For N large enough, the function (z — w)™u(a, z,b,w,¢,0)
of (z,w) € Apa x Ap2\ A extends to a holomorphic function of (z,w) € Ag2 X Ay as a consequence
of Proposition about the OPE and meromorphicity. If F' € O(Ag2 X Ag2), then L, ,x4,,F =

LA011><A1,2F in C[[Iil, yil]L and therefore
(z — y)VYu(a,2) Y, (b, y)e = (x — y)NYu(b, y)Yu(a, x)c

in V[[z*!, 5]

Vacuum: Since
1[0}, 2, a,0) = p(p(0), 2, a,0) = p(a,0) = a
by the definition of |0),, associativity, and insertion at zero, we have that
0 _ ! Fu(lo 0)dz = - *adz = 6
Ouya = 5 [, #0100, 0)dz = o [ Fadz = b 1a
foralla € V and k € Z.
Creation: Let a € V. By associativity p(a, 2,10),,0) = u(a, 2) and this is a holomorphic function

of z € C. Therefore, its Laurent expansion has no negative powers and its zeroth term is p(a,0) = a
because of the axiom about insertion at zero.
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Translation: Let T}, : V — V be defined by Tyx = > Typrr. This sum is finite in each degree,
and T}, is linear. Let a,b € V. The identity

[Ty, Yy(a, )b =T,Y,(a,2)b—Y,(a,2)T,b = 0,Y,(a, z)b.
is implied by
Typ(a, z,b,0) — p(a, z,7,b,0) = 0,u(a, 2,b,0) (6.1)

because Laurent expansion is compatible with linear maps and with differentiation. Recall that T),c =
Owpt(c, w)|w=o for ¢ € V. We may assume that w is close to zero to compute the w-derivative.

w(a, z,T,b,0) = p(a, 2, Zkaubv 0) (6.2)
k
=" 1@, 2, prBuiu(b, w)|w=0, 0) (6.3)
k
= > dupla, 2, prpa(b, w), 0) =0 (6.4)
k
_ [aw S (a2 pyga(b, ). 0) (6.5)
k w=0
- wﬂ(av Z, b> U)) ’sz (66)

Equation follows from associativity which implies that the sum in is normally convergent,
and this implies that we can commute the sum and the derivative in Equation (6.5)), so the sum
in converges normally Equation (6.4]) uses py is linear and that p is linear in each argument
from V The sums in 1 2|) and . are 1te Similarly,

Tu(a, z,0,0) = Z Owtt(pr(a, z,0,0), w)|w=o
k

= 8’11} Zﬂ(pkﬂ(aa =2 b7 0)7 w)‘
k

- w“(aa z+w, ba w)‘wzo

and thus
Tu,u(a, Zs b? O) - N(av 2y Tubv O) = awlu’<a7 zZ+w, b7 w)|w:0 - 8w,u(aa 2, b7 w) |w:0
= w,u(a,z +w7b7 0)|w=0
= Z:u(a?zabv 0))
which is Equation (6.1]). O

The following proposition expresses 1i(a, z) in terms of the modes.
Proposition 6.4. If (V, ) is a geometric vertex algebra, then
(a1, 21, ooy Qmy 2m) = Z a1 (ky) - - - am(km)|0>uz1—k1_l gkl
kezm
foray,...;am €V and z € C™\ A with |z1] > ... > |zm].

Proof. For m = 0, this says that p()) = |0), which is the definition of |0),. We repeatedly apply
Proposition [6.2] to deduce that

pla,z) = plar, z1, . . Gm, Zm, [0) 4, 0)

= Z . Z al(kl) Ce am(km)’0>#zl_k1—1 . Z;Lkm—l
km€Z ki1€Z

for all a1,...,a, € V and z € C™ \ A with |z;| > ... > |z,|. This holomorphic function of such z
has the same Laurent expansion as the right-hand side in the claim. O
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7 From Vertex Algebras to Geometric Vertex Algebras

Proposition 7.1. Let V be a Z-graded vertex algebra. For all a,b € V), there exists an integer N
such that agb =0 if n > N.

This follows for degree reasons in the bounded below case. The proof given below does not use
this assumption and serves a warm-up for the construction of uy.

Proof. Let a,b € V. By the locality axiom, there exists an N such that
(z =)™V (a,2)Y (b,9)|0) = (z — »)VY (b,9)Y (a,2)[0) . (7.1)
By the creation axiom for b, we may set y = 0 on the left-hand side and get

VY (a, 2)b = Z a(n)befnfl .

Using Equation (7.1) and the creation axiom for a on the right-hand side, it follows that the left-
hand side contains no negative powers of z, even after setting y = 0. This means that ag,)b = 0
for N —n —1 <0, equivalently n > N.

Proposition 7.2. Let (V,Y, T, |0)) be a Z-graded vertex algebra. Fix an integerm > 0. Foray,...,ay, €
V and z € C™\ A the sums

Y(ar,21) ... Y (am, 2m)|0) == > al(kl)szl_l Y am(km)z;lkmfllm (7.2)
k1 €Z kmEZ
— Z al(kl)zflﬂ_l . .am(km)z;ﬁm_1|0> (7.3)
keZm

converge normally in each component of ¥V for z € D,,, where
Dy ={z2€C™||z1] >...> |zm|} CC™\ A.
As a function of z, the value of this series extends to a unique holomorphic V-valued function
wy(a,z) = py(ar, 21, ..., Qm, Zm)

of z € C™\ A. It satisfies py (a%, 2%) = uy (a, z) for every permutation o € %,,. Furthermore, py (a)
is identically zero in sufficiently low degree for every a € V™,

This proposition and its proof are very similar to what is found in [2, 1.2 and 4.5], [6, 5.3], [3l
A.2], [4, 3.5.1], which treat the bounded below, degreewise finite-dimensional case in these parts.

Proof. We may assume that aq,...,a,, are homogeneous. Let
—k1— — ke —
f(a, 33‘) = Z al(kl) ce am(km)|0>x1 1-1 .. .Z'mk ! S V[[.Titl, .. l’il]]
kezZm

denote the formal series corresponding to the sum in Equation (|7.3)), whose proof we defer until the
end of this proof. By the creation axiom for a,,, there are no negative powers of x,, in f(a,z). The
locality axiom for a; and a; implies that there is a natural number N;; with

(@ — ;)N [Y (a5, 25), Y (a5, 7)) = 0
for 1 <i<j <m. Let

g(x) = [[(xi —z;)™ (7.4)
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and it follows that
g(z)f(a®,27) = g(x)f(a, ) (7.5)

for all permutations o € ¥,,,. This can be checked by considering the special case of ¢ a transposition.
Equation[7.5and the creation axiom for a; imply that there are no negative powers of z; in g(z) f(a, z)
for any i« = 1,...,m. Let [ € Z. The V-component p;(g(x)f(a,z)) has no negative powers of x;
for any ¢ = 1,...,n. We claim that p;(g(x)f(a,x)) is a polynomial in the z; with coefficients in V.
Let 75 € Z be the coefficient of 2° in g(z). The coefficient of 2 in

p(g(x) fla,z) = ( > Tﬂpz(aukl)---am(km)|0>)> z” (7.6)

acZ™ \ f+k=«

is zero if a; < 0 for some ¢ = 1,...,m. Let a € Z™ be such that the coefficient of z“ is not zero.
There is at least one pair (3, k) with §+ k = « and

rapI(@1(ky) - - - k) |0)) 7 0.
0)) # 0. Thus f is in a fixed finite subset of Z™

This implies that 75 # 0 and p(ay(k,) - - - Gm(k,,)
depending only on the N;;, and £ satisfies

[l = |a1(k1) .. am(km)]0>] = |a1| -k —1+...+ |am\ —kn—1, (77)

SO

m m m

S =3 (Bi+k)= (B +|a]) —n—1

=1 % %

For fixed 3, the set of such « is a hyperplane intersecting ZZ in finitely many points. It follows that «

is in a finite subset of Z™ depending only on the N;;. In summary, each V;-component of g(z)f(a, z)
is a polynomial in the x; with coefficients in V;. Thus

Fa(2) = [9(x) f(a, ©)]o=-

defines a holomorphic function F, : C™ — V. Let A C D,,, be a product of annuli centered at 0. Let

rYm

L:OAY) — [[Vellat", ... 2]
k

denote the Laurent expansion map on A. The Laurent expansion on A of holomorphic functions
defined on D,, is independent of the choice of A. In particular, the Laurent expansion L(F,) of F,
on A is independent of the choice of A and satisfies L(Fy)(x) = g(x)f(a,z). Then

py (ar, 21,y Gy 2m) = g(2) " F,(2) (ze C™\ A)

defines a holomorphic function on C™ \ A with values in V whose Laurent expansion on A, again
independent of the choice of A, is equal to f(a,z) because

Llz = py (a1, 21, - - an, 20)|(2) = L(Fa/g)(2) = L(1/g)(x) L(Fa)(x)
= L(1/g)(x)g(x) f(a, ) = L(1/g)(x)L(g)(x) f(a, z) = L(1)(x)f(a, ) = f(a,z).

Thus f(a,z) converges normally for z € A and f and py agree on A. For every z € D, there
is an A as above with z € A, so f(a,z) converges normally for all z € D,, and f and uy(a)
agree on all of D,,. The uniqueness of uy (a) follows by the identity theorem for analytic functions
because C™ \ A is connected, D,,, C C™ is open and non-empty, and py (a, z) = f(a, z) for z € D,,.
Note that the identity theorem for holomorphic functions with values in a finite-dimensional vector
space applies here because there is a finite-dimensional subspace of V, for each | € Z to which the
function z — p;(py (a, 2z)) maps holomorphically.
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We now prove invariance under permutation. Let o € ¥,,. We now write gn for g to make the

dependence of g on the IV;; explicit. Let N denote a choice like N for a° instead of a (e.g., Ej =
No(i)o(j))- Our goal is the equality of

py (a, 2) = [gn () f (@, 2)]a=-gn (2) 7
with

py (a”,27) = [g5(2), (a7, 2))amzo g5 (27) 7
= [95(=7), f(a”,27)]omzg5 (27) "
for z € C™\ A. Starting with Equation (7.5)), it follows that

We now prove that py (a, z) is zero in sufficiently low degree. It suffices to prove that p;(g(z) f(a,x))
is zero for [ low enough. This formal series in the x; with coefficients in V; has no negative powers of x;
for any i. Therefore, for a monomial in (7.6 with non-zero coefficient, the —k; — 1 in Equation
are bounded from below, so [ is as well, and the bound is independent of z.

It remains to prove Equation (7.3) and the normal convergence of the sums in Equation (7.2]).
For m = 0, there is nothing to show. Assume that the claim holds for m — 1 with m > 1. In
particular,

Z (k2)22_k2 1 .. am(km)z;bkm_1|0>

ka 7k’mEZ
—km—
= D a2 Z (1 '[0)
for (22,...,2m) € Dp—1 with all sums normally convergent. Applying aj,)2; F1=1 o both sides,
which preserves normally convergent sums, we get
—ky—1 —ha—1
Yo argz M Aoz T am 2 H0)
k27-- 7km€Z
1(k) 21 —ki1—1 Z 2 (k) % “he—l Z am(km)z;km_”O)
ko€Z km€Z
for z = (21, 22, ..., 2m) € Dy,. Normal convergence of the sum over k € Z™ defining f(a, z) for z € D,,

implies that the sums over k1 € Z in

—k‘1—1 —ko— 1 —km—1
Y aimkA T a2k) % () 20
keZm

= Z Z al(kl)zl_kl—la2(k2)z2_k2—1 o am(km)z;km—1|0>

k1€Z ka,....km€Z

= > @A T Y G BT Y AmkZe0)

ki€Z ko€Z km€Z
are normally convergent, too. O

Proposition 7.3. The pair (V, py) satisfies the azioms of a geometric vertex algebra.
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Proof. Let m > 0. Both the multilinearity and C*-equivariance may be checked on D,, by the
uniqueness of analytic continuations from D,, to C™ \ A. On D,,, we can express py in terms
of Y and multilinearity follows from the fact that Y is linear and composition in End(V) is bilinear.

For C*-equivariance, it suffices to consider homogeneous a1, ..., a, € V: forall z € C* and w € D,,,
2piv(a,w)
—ki—1 —kp—1
= Z Z. (al(kl)wl ! ce am(km)wm ’0>>
Kiyookm €Z
o a1|—k1—14+...+|am|—km—1 —k1—1 —kmym—1
= Z Z‘ 1=k |am| al(kl)wl ! .. .am(km)wm ’O>
kiyookm €Z
—ki—1 b —1
= > (za) g (zw) T () () () 0)
ki,....,km€Z
= py (z.a1, 2W1, ..., 2., ZWpy).

The axiom about insertion at zero follows from the creation axiom of the vertex algebra: for all a € V,
/Ly(a, 0) = Y(av 0)|0> = a.

To see that the meromorphicity axiom is satisfied, let N be the maximum of the N;; from the
construction of py, after fixing some elements of V. By construction, puy satisfies the following
strong version of meromorphicity:

e For all aq,...,a, € V, there is a natural number N such that the function
Z = H(Z@ - Zj)N,u(al,Zla oy Oy 2n)
i<j

with values in V has a holomorphic extension from C"\ A to C".
Proposition [7.5 proven further below, says that py satisfies the associativity axiom. O

The next proposition establishes how uy behaves with respect to translations. It is used in
the proof of associativity to arrange 2,41 = 0. A translation by z € C acts on Vi (defined by
Equation (3.5)) via the automorphism e*!" of Vi, defined by

BZTI — Z 6ZTpk(l’)
keZ

which is finite in each component of Vi, because T has degree 1 and & € Vy, is zero in sufficiently
low degree.

Proposition 7.4. Let by,...,b, €V and w € C"\ A. For all z € C,
eZTuy(bl,wl, ooy wy) = py (b, wy + 2, by wy + 2) (7.8)

In the case n = 1 and w; = 0, the proposition together with insertion at zero implies that e*7b =

Y(b, 2)|0) for b € V and z € C. This means that a)|0) = ﬁT*kfla for k < —1, which one could

have also deduced directly from the translation axiom of the vertex algebra V. In particular Ta =
a(—2)|0) and py (a,w) = a + Taw + .... Also, since e’'a = py(a,z) for all a € V and z € C, the
proposition is the special case m = 0 of the associativity axiom for py .

Proof. Both sides of the equation are holomorphic functions of (z,w) € C x (C™\ A). By the identity
theorem we may assume

lwi| > ... > |wyl,

and having fixed a choice of w, we may assume z to be in the non-empty, open, and convex region B
of those z such that

lwy + 2| > ... > |w, + 2|
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For z € B, the equation is equivalent to
Y (b, wy) ... Y (b, wp)|0) = Y(by,wy + 2) ... Y (b, wy, + 2)]0) .

Let f(z) equal the left-hand side and g(z) equal the right-hand side for z € B. The function f is the
unique solution of the (holomorphic) initial value problem

0,0(2) =Tp(z) ¢(0) =Y (b1, w1)...Y (by,w,)|0) ¢ € O(B; Vi) (7.9)
as can be deduced from the fact that ¢(z) = e*4z is the unique solution of
0:0(2) = Ap(z) ¢(0) =2 ¢ € O(B;X). (7.10)

(Here, X is not a finite-dimensional subspace of V, for k € Z, but instead ranges over a sequence of
appropriately chosen finite-dimensional subquotients of Vyy.)

We prove by induction on n that ¢ is a solution of . too. The base case n = 0 holds because
then ¢g(z) = |0). The induction hypothesis implies

0.Y (ba,wo + 2) ... Y (bp, wy, + 2)[0) = TY (by, wa + 22) ... Y (by, wy, + 2)|0) .
Proposition [7.2] implies
= by (w4 2) Y by, wa + 2) . Y (b, win + 2)0)

kEZ
and thus
Zbl k) _1 (w1—|—2) k- 2Y(b2’w2+2) Y(bmawm+z)’0>
keZ
—+ Zbl w1+z —k- 18 Y(bg,’wg—f—z) (bm,wm+z)|0>
keZ
= by (—k) (w1 + 2) Y (by, wa + 2) .. Y (b, wiy + 2)[0)
keZ
+ Z b1k y (w1 + 2) —k— 1TY(bg,w2 +2) ... Y (b, W + 2)]0)
keZ
after reindexing. The translation axiom implies that [T, bl(k)} = —kb1(y—1). Therefore
z) =Y Thygy(wy + 2)7* 7YY (by, wy + 2) ... Y (b, win + 2)]0)
keZ
=TY (by, w1 + 2)...Y (b, W, + 2)|0) = Tg(z2),
and this concludes the induction step. O

Proposition 7.5. uy satisfies associativity.

Proof. Let aq,...,am+1,b1,...,b, € V. Associativity is about a normally convergent sum of holo-
morphic functions of (z,w) € (C™\ A) x (C™\ A) with max; |w;| < miny<;<m, |2ms1— 2| First, we
prove a version of associativity for z, 4 fixed and equal to zero. The set of (z,w) € (C™\A)x(C™\A)
such that max; |w;| < min; |2 is covered by the set of open subsets of the form

Unr={(z,w) e C"\ A x C"\ A | max|wj| <r <R < min|z|}
J (2

where 0 < r < R, so it suffices to prove normal convergence and the equation in the associativity
axiom on U, g. Let

WT,R = UnR X AO,R/T where AO,R/T = {/\ e C* ’ 0< |)\| < R/T},
and let f € O(W,.g; Vi) be the holomorphic function defined by

F(z1ye o 2mywr, oo Wy A) = iy (A1, 215« -+ y Gy 2y XD, AW, ooy by, Awy,)
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We consider the Laurent expansion

F(z1, oy 2mywr, .oy, A) = Z k(21 Zmy W1, - W) AE (7.11)
keZ

on Ag p/r Where ¢ € O(Uy,r; Vi) such that

1
k(215 ey Zm, W1,y ooy W) = —/ f(z1, o 2w, - wn, AR
2w Jst

for all k € Z. It suffices to consider the case that U, r is non-empty, and, in this case, the subset
of (z,w) € U, g such that |z1] > ... > |z,| > Jur| > ... > |w,| is open and non-empty. For
such (z,w),

k(215 oy Zm, W1, -« .o, W)

1

_ —/ Y(ar, 21) ... Y (@, 2m)Y (\bt, At - Y (A, Aoy ) [0) A5 LA
Sl

27

1
=Y(a17zl)~-Y(am,zm)7/ Y (Aby, dwy) .. Y (Aby, Awy )| 0)A RN
T JSt
1
= Y(Cll,Zl) : Y((lm,Zm)Q / /’LY()\ b17>\w17"'7)\'bn7Awn))\_k_1d)\
Iy

1
=Y(ar,21) . Y (am, zm) 5= | Apy(br,wr, . by, wp)AF A
2mi Jst
el Y(a17 zl) “ o Y(am; Zm)pkHY(bl, wl, P 7b7L7 wn)
— H’Y(ala Zlye-oyQm, Zﬂ’wpkuy(bl, wi,y .- - ,bn’ wn)7 0)

so, by the identity theorem on the domain U, g, the first and last expresswn agree for all (z,w) € U, g.
Evaluatlng the normally convergent Laurent expansion in Equation (7.11]) at A = 1 yields the normally
convergent sum

wy (a1, 21, -« oy iy 2y b1, W1« o by W) = f(21, 00 Zm, W1, - o Why 1)
= Z py (a1, 21,5« oy Qs Zms Pepy (b1, w1, <o by wy), 0)
keZ

This finishes the proof of the version of associativity for z,,+1 = 0.

Before we treat z,,11 as a variable, we prove that there is an integer H depending on ay, ..., Gm, b1,..., b,
but not on z,w, k such that
phﬂY(ah 21y ey Qmy, Zm7pk,uY(bla Wiy .-, b’ru wn): O) =0 (712)
for all integers h < H. Without loss of generality, we may assume that b, ..., b, are homogeneous.

There is an integer H indepedent of z,w, A such that

prlpy (a1, 21, oy Gy Zmy b1, Awe, ooy Abp, Adwy,))
= Norltetlbnlp, iy (an, 21, - - @y 2y b1, A, - by Awy)) = 0

for all integers h < H by Proposition This implies that the integrand in

thY(aly Zly - Qm, vapk:uY(blawh ) bn,wn),O)
1
_ / Py (@1, 21, -+ s 2y AL AW, - o3 XDy M) )AL
S

271

is zero for all integers h < H, so Equation ([7.12)) follows.
We now treat z,,;1 as a variable. The case of 2,1 = 0 implies that

Z MY(alyzl — Zm41s -5 Amy Zm — Zm-l-l)pk/*LY(blawla .. '7b'rl7w’n)70)
keZ

= NY(alyzl — ZmAly s Amy B — Zm-f—lyblawl? e -abmwn) (713)
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with normal convergence as a sum of functions of 21, ..., 2pm, Z;m+1, W1, . . ., wy, because the subtraction
map C x C — C is continuous. We use the abbreviations

b:b1®®bn7 w:(wla"'vwn)a ,uY(b7w):NY(blawla"'vbnawn)
in the following. Let [ € Z. Proposition and Equation ([7.12)) imply

pl:UJY(alv Zly e Qm, Zmapk/'l’Y<b17 Wiy, ... >bTL7 U}n>, Zm—‘rl)
i T
= pe™ My (a1, 21 = Zimg1s - - Gy Zm — Zmea1, Prpty (b, w), 0)
o 2]
m
=Dl Z il TZMY(ala 21 — Rm+1y- -y Om,y Zm — Zm—‘rl?pkNY(bv w)) O)
i=0
I-H Zi .
m-+ )
=> TPy (01,210 = Zmgts o Gy Zm = Zm, Dbty (b, 0), 0).
i=0

Applying the homogeneous operator 7' of degree 1, multiplying with the locally bounded func-
tion zy, 1 of 2,41, and taking the finite sum over ¢ preserves normal convergence, so Equation ([7.13)
with [ — i substituted for [ implies that

Z pl:uY(a’la 21y -5 Qm, Zﬂ%pkuy(blv Wi, .-, bTH wn)’ ZM+1>
keZ

is normally convergent and equal to

I-H _i
2. .
m~+1 g
> T T D pitty (a1, 21 = Zmats - Gy Zm — Zma, Prpty (b, w), 0)
i—0 v keZ
I-H Z@‘
. m—+1 i
— Z TT pkiﬂY(flly 21 — Bm~+1y- -y Qm,yZm — Bm+1, bl)wb ce. )bnvwn)
i=0
z, T
= ple e MY(ala Z1 — Zm+17 ey Amy Bm — Zm+1; bl,'LUl, ... 7bnawn)
= Py (a1, 215« -« Gy 2y D1, W1 F Zimge1s - - oy by Wy 4 Zimg1).
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