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Roman domination in upper ;7‘)
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Abstract

The upper deg-centric graph of a simple, connected graph G, denoted by G4, is a graph constructed from G such that
V(Gud) = V(G) and E(Gua) = {viv; : da(vi,v;) > degg(vi)}. We investigate the properties and structural characteristics
of these graphs, and compute their Roman domination number for a variety of examples.
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1 Introduction

A dominating set in a graph G with vertex set V(G) is a set S of vertices of G such that every vertex
in V(G) is adjacent to at least one vertex in S. The domination number of G, denoted by v(G),
is the minimum cardinality of a dominating set of G. A dominating set of G of cardinality v(G) is
called a v(G)-set.

A Roman Dominating Function (RDF) on a graph G = (V, F) is a function f : V — {0,1,2}
such that every vertex v with f(v) = 0 is adjacent to at least one vertex u with f(u) = 2. The
value w(f) = Y v f(v) is called the weight of f. The least value of w(f) among all the Roman
dominating functions f on G is called the Roman domination number of G, denoted by vgr(G). A
Roman dominating function f with w(f) = vr(G) is called a yr-function of G.

Roman dominating functions and their variants have been in the literature for over two decades
[1-4]. Cockayne et al. |3] was the first to mathematically formulate the concept of Roman dominating
functions in graphs based on the defense strategy of Roman Emperor Constantine that was mentioned
in the work of Ian Stewart [5].

Motivated by the above-mentioned studies, we investigate the Roman domination and some prop-
erties of upper deg-centric graphs. The degree centric graph or deg-centric graph of a graph G is the
graph Gy with V(Gg) = V(G) and E(Ggq) = {vv; : da(vi,vj) < degg(vi)}, where dg(v;,vj) is the
distance between two distinct vertices v; and v; of G, that is the length of the shortest path joining
them [7]. The notion of an upper degree centric graph, on the other hand, is defined in our earlier
work.

Definition 1.1. [8] The upper degree centric graph or upper deg-centric graph of a graph G, denoted
by Gud, is the graph with V(Guq) = V(G) and

E(Gua) = {viw; : da(vi, vj) > degg(vi)}

This graph transformation is called upper deg-centrication of the graph.
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In this paper, we determine the Roman domination number vz for the upper degree centric
graphs of path graphs, cyclic graphs, star graphs, bistar graphs, complete bipartite graphs and some
wheel helm, web and flower graphs. Our results form a set of exploratory results that establish
foundational understanding for further research in this area, and should lead to the study of various
graph-theoretical parameters of upper deg-centric graphs belonging to different graph classes. One can
also explore other forms of graph domination within the framework of upper deg-centric structures.

2 Preliminaries

We start by collecting key lemmas and propositions used in deriving our results.

For the basic terminology of graph theory, we refer to [11]. A graph is assumed to be a simple,
connected, and undirected graph throughout this paper. The number of edges of a graph G is denoted
by €(G). Recall that the distance between two distinct vertices v; and v; of G, denoted by dg(vi, v;),
is the length of the shortest path joining them. The eccentricity of a vertex v; € V(G), denoted by
e(v;), is the farthest distance from v; to some vertex of G.

Although this paper considers connected graphs, the convention is that in a disconnected graph,
upper deg-centrication is applied componentwise.

We remark that any function f : V' — {0, 1,2} on a graph induces an ordered partition (Vp, V1, V)
of the vertex set, where V; = {v € V|f(v) = ¢};7 =0, 1,2. There is a one-one correspondence between
these functions and these ordered partitions, thus, we can unambiguously write such a function as

=, , V).

Lemma 2.1. [§] The upper deg-centric graph of a graph G is an empty graph if and only if 6(G) >
diam(Q).

Proposition 2.2. [5] For any graph G of order n, v(G) = vr(G) if and only if G = K,,.

Lemma 2.3. If for any graph G of order n with minimum degree, §(G) > diam(G), then

’VR(Gud) =n

Proof. Consider a graph G of order n with minimum degree, 6(G) > diam(G), then in view of Lemma

Gud = K,,. That is, an upper deg-centric graph is an independent set with n vertices. Hence,
Yr(Gud) = n. ]

Proposition 2.4. If G is a graph of order n > 3 which contains a vertex of degree n — 1, then
'YR(Gud) = 2.

Proof. Let vertex v of degree n — 1 in a graph G. Then, in view of Definition [1.1] in an upper
deg-centric graph, the vertex v is adjacent with all n — 1 vertices in graph G. In Roman domination,
we can assign f(v) = 2, and all other n — 1 adjacent vertices assign the value zero. The least value

of w(f) =>,ev f(v) = 2. Hence, yr((G)ud) = 2. ]
Proposition 2.5. For any upper deg-centric graph Gua of order n, ¥(Gud) = Yr(Gua) if and only if

G=K,.

Proof. The result is a direct consequence of Proposition [2.2] and Definition O
Proposition 2.6. For a complete graph K,, n > 3, Yyr((Kp)ud) = n.

Proof. For a complete graph K,, n > 3, 6(K,) > diam(K,), the upper deg-centric graph of a

complete graph K, of order n # 2 is an empty graph K,. In views of Lemma 2.3 Yr((K,)ua) = n.
If n = 2, the result is true directly by Definition [1.1] O
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3 Roman Domination Number of Upper Deg-centric Graphs

For convenience, a path P, is depicted on a horizontal line, and the vertices are labelled from left to
right as vy, vg, vU3,..., Up.

Proposition 3.1. For any path P,

=} J15

Proof. Let the functions f : V' — {0,1,2} on a graph induce an ordered partition (Vp, V;,V3) of the
vertex set, where V; = {v € V|f(v) =i};4 = 0,1,2. Consider the upper deg-centric graph P, clearly

YR((P1)ua) = 1.

Consider the upper deg-centric graph P,,n > 2, with consecutively labeled vertices {vy, v, v3, ..., Upn}.
In views of Definition and Proposition [2.4] vertices v; and v, are adjacent with all other n — 1
vertices in (P,)uq. That is, the vertex v; is adjacent to vertices {vg, v3,v4...,0,} in (Py,)uq. Since

f(v1) = 2 is assigned, then in the Roman domination, we have to assign the values f(v2) = 0, f(v3) =
0,..., f(vn) = 0. The least value of w(f) = > ,cv f(v) = 2. Hence, yr((Pn)ua) = 2 O

An illustration of Proposition [3.1] is given in Figure [T}

U1 V2 U3 V4 Us Ve v

(a) Pr

(b) (Pr)ud

Flg 1 ’YR((P7)ud) = 2.

Proposition 3.2. For any cycle graph Cy, n > 3,

Tr(Co)aa) = {i i

Proof. Consider the upper deg-centric graph of Cy,, n = 3, clearly (Cj),q is disconnected and is the
empty graph. That is ,7g((C3)uq) = 3. If n = 4, clearly (C4)uq is a disjoint union of two K. That
is, YR((C4)ua) = 4.

Consider the upper deg-centric graph C,,n > 5, with consecutively labeled vertices {vy,...,v,}.
In view of Definition , dege (v;) = 2, for all v; € V(Cy), any vertex v; in (Cy,)uq is adjacent
to all vertices in V(C,)\Ng,[vi]. It immediately follows that (Cy).q is always a (n — 3)-regular
graph. Consider the Roman domination of (C),)uq, the vertices {vy,ve,vs,...,v,}, assigned the
values f(v1) = 2, then the vertex set {vs, v4,vs,...,v,—1} are adjacent to vy, and we can assign the
values f(vs) =0, f(vs) =0,..., f(vy—1) = 0. Then, consider the vertex vra1, is adjacent to the n —3
vertices, we can assign the values f (0[31) = 2 and all adjacent vertices assign value as zero. Then,
the least value of w(f) =Y ,cy f(v) =242 =4. Hence, yr((Cp)ud) = 4. O
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An illustration of Proposition [3.2]is given in Figure [2}

U1

Crg V2

V6 U3

Us Vg

(a) C7

Flg 2 73((07)7“1) =4.

A star graph, denoted by Ki,, n > 0, is obtained by attaching n pendant vertices (also called
leaves) to a central vertex vy.

Proposition 3.3. For a star graph Ki,, n > 0, we hae

Yr(K1n)ud) = {; Z.;fnnz_f;

Proof. The star graph K, , n > 0, is of the order n+ 1. Let V(K1 ,,) = {vo, u1,uz,...,u, }. Let
—_———

pendant vertices
the functions f : V' — {0,1,2} on a graph induce an ordered partition (Vp, V1, V) of the vertex set,
where V; = {v € V|f(v) =i};i=0,1,2. If n =0, then isolated vertex, f(v) =1, Yr((K1)ua) = 1.

Consider the upper deg-centric graph K ,,,n > 1, with consecutively labeled vertices {vo, ..., v,}.
Then, by Definition [I.T} the upper deg-centric graph is the complete graph K, 1. Now, in view of
Proposition [2.4] the Roman domination of (K )4, the vertices {vg,vi,ve,...,v,}, assigned the
values f(v;) = 2, the all other n vertices are adjacent with v;, assign value as zero all these vertices.
Then, the least value of w(f) = >,y f(v) = 2. Hence, vr((K1n)ud) = 2. O

A non-trivial bistar graph, denoted by S,p, is a graph obtained by joining the centers of two
non-trivial star graphs Ky ,, a > 1 and Ky, b > 1 with the edge vouo.

Proposition 3.4. For a bistar graph Sap, a,b > 1, yr((Sap)ud) = 2.

Proof. The bistar graph S, 5, a,b > 1. Let the pendant vertices of K7 , be the set X = {vy,v2,...,v,}
and let the pendant vertices of Ky be the set Y = {uy, ug, ..., up}. Finally let W = {vg, up}. From
Definition , all pendant vertices of S, ; will be adjacent to all other vertices in the upper deg-centric
graph,(Sap)ua- Also, the central vertices of S, cannot be adjacent to each other in the upper deg-
centric graph, since they are at a distance of one and their degree is greater than one. Therefore, the
upper deg-centric graph of S, is isomorphic to Kyypre — {uo, v} [8]. Then, in view of Proposition
assign f(v;) = 2, any of the vertices, and all other adjacent vertices of values zero, Then, the
least value of w(f) = Y ,cy f(v) = 2. Hence, Yr((Sap)ud) = 2. O

Recall that a complete bipartite graph K, ,,, n,m > 1 is a graph whose vertex set can be parti-
tioned into two independent sets X, |X|=mn and Y, |Y|= m and each vertex in X is adjacent to all
vertices in Y.

Proposition 3.5. For a complete bipartite graph K, ,, n,m > 3, we have

VR((Kn,de) =n-+m
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Proof. In view of Lemma the upper deg-centric graph of a complete bipartite graph K, ,,, n,m >
3 is the empty graph K, 1,,. Then direct consequence of Lemma [2.3] YR((Knm)ud) = n +m. O

Proposition 3.6. For a complete bipartite graph Kz, m > 3, Yyr((K2m)ud) = 4.

Proof. The complete bipartite graph Ks,,, m > 3, in view of Definition the upper deg-centric

graph is the disjoint union of the empty graph K, and the complete graph K,,. Let the functions
f:V —{0,1,2} on a graph induce an ordered partition (Vp, V1, Vs) of the vertex set, where V; =
{veV|f(v)=i};i=0,1,2. Then, in Roman domination, in the case of an empty graph K», we can
assign each vertex as a value of one. Similarly, in K,,, assign the value of any vertex v; as two and
the remaining m — 1 adjacent vertices as the value of zero. Then, after summation, the least value

of w(f)=>ev f(v) =2+ 1+1=4. Hence, yrR((K2m)ua) = 4. O

A wheel graph denoted by Wy ,, n > 3 is obtained by taking a cycle C,, n > 3 (the rim with
rim-vertices) and adding the central vertex vy with spokes namely, edges vov;, 1 <i < n.
Proposition 3.7. For a wheel graph Wi ,,, n > 3, then, yr((Win)ud) =n+ 1.

Proof. In view of Definition the upper deg-centric graph of a wheel graph W ,, n > 3 is the
empty graph K, 1. Then direct consequence of Lemma , YR(W1 )ua) = n + 1. O

A helm graph, denoted by H,, , n > 3 is a graph obtained from a wheel graph W ,, by attaching
a pendant vertex u; to each corresponding rim vertex v;.

Proposition 3.8. For a helm graph Hy,, n > 3, Yr((H1n)ud) = 2.

Proof. The helm graph H;, , n > 3, is of the order 2n + 1. Let
V(Hl,n,) :{2)071}1’1}27"'71}717 U, U2, ...,Un }
—_———
pendant vertices

Then, by Definition , degg ,(un) = 2n, degg (vo) = n, degg ,(vn) = n. Let the functions
f:V —{0,1,2} on a graph induce an ordered partition (Vp, V1, Vs) of the vertex set, where V; =
{veV|f(v) =1i};i=0,1,2. Then, in view of Proposition assign f(u;) = 2, any of the vertices,
and all other adjacent vertices 2n of values zero. Then, the least value of w(f) = X,y f(v) = 2.
Hence, Yyr((Hin)ud) = 2.

An illustration to Proposition [3.8]is given in Figure [3

us Uy
xg /
Vo
f U\
Uy U2
(a) Hia

Fig. 3 vr((H1,4)ua) = 2.

A closed helm graph denoted by C'H, ,, n > 3 is the graph obtained from a helm graph H;, by
cyclically joining the pendant vertices to form an outer rim.
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Proposition 3.9. For a closed helm graph CHy p, n > 3,

2n+1  ifn < 4;

9 ifn=>5;
'YR((CHl,n)ud) =7 if6 <n S 8,‘

6 ifn=29;

) if n > 10.

Proof. The closed helm graph CH;,, n > 3, is clearly of the order 2n + 1. Let V(CH;,,) =
{vo,v1,V2, ..., Up, U1, U, ..., Uy}, deg(vg) = n, deg(v;) = 4 and deg(u;) = 3. Let the functions
f 'V — {0,1,2} on a graph induce an ordered partition (Vp,V;,V3) of the vertex set, where
Vi ={v € V|f(v) = i};i = 0,1,2. Consider the upper deg-centric graph C'H; ,, n = 3, clearly
(CHj 3)ya is disconnected and is the empty graph K7. That is ,ygr((CH13)ud) = 7. If n = 4, clearly
(CHi.4)ua is a disjoint union of four K5 and one isolated vertex. That is, yr((C'Hi 4)ua) = 9. Hence,
YR((CHip)ua) = 2n+ 1. If n = 5, clearly (CHj5)yq is a disjoint union of the cycle C5 and one
isolated vertex. We know that v(Cy,) = [%*]. For the isolated vertex, we can assign value one in

Roman domination. That is, yr((CHi5)ua) = 2[3] +1=8+1=0.

If 6 <n <8, degg,,(vo) = 0, then the Roman domination assign f(vg) = 1 for the vertex wy.
Also, degg,,(vn) = n — 3 ,and degg, J(un) = 2n — 8 for all n vertices, consecutively labeled outer

rim n vertices uq, ug, us, ..., Uy. Then, assign value two to the vertices uq, u,, and upzy. That is,
f(ur) = f(un) = f(urzy) = 2, then, adjacent to all the vertices, assign the values zero. Then, after
summation, the least value of w(f) = > ey f(v) =2+2+2+1=7. Hence, yvg((CH1n)ud) = 7.

If n =9, degg,,(vo) = 0, then the Roman domination assign f(vg) = 1 for the vertex vy. Roman
domination, assign that value two, f(u1) = f(urz)) = 2, and all adjacent vertices assign value zero.

Then, one vertex wvs is the only non-assigned vertex; assign value one to that vertex. Then, after
summation, the least value of w(f) = > ,cy f(v) =2+2+ 1+ 1= 6. Hence, yr((CH1,9)ua) = 6.

If n > 10, degg,,(vo) = 0, then the Roman domination assign f(vg) = 1 for the vertex vg. Also,
degg, ,(vn) = n — 3 ,and degq,  (un) = 2n — 8 for all n vertices, consecutively labeled outer rim n
vertices uy, ug, us, ..., u,. Then, assign f(u;) = 2, then vertex u; adjacent to 2n — 8 vertices of uy,
that assign the values zero. Then assign the value two to the [§]th vertex u; f(urz1) = 2, all other
u; adjacent vertices f(u;) = 0. That is, we assign f(v1) = 2 and f(ufz) = 2, all other vertices can

assign value zero. Then, after summation, the least value of w(f) = > ey f(v) =242+ 1 = 5.
Hence, yr((CH1pn)ud) = 5. O

A double wheel DW,, is obtained by taking two copies of a wheel W,, n > 3 and merging the two
central vertices.

Proposition 3.10. For a double wheel graph DW,,, n > 3, yr((DW,)ua) = 2n + 1.

Proof. The double wheel graph DW,,, n > 3, is of the order 2n+1. Let V(DW,,) = {vo,v1, v2, ..., Un,
U1, U, . . ., Up . In view of Lemma the upper deg-centric graph of a double wheel DW,,, n > 3 is

the empty graph Ko, 1. Then direct consequence of Lemma YR((DWy)ua) = 2n + 1. O

A gear graph, denoted by G,,,n > 3, is a graph obtained by inserting an extra vertex between each
pair of adjacent vertices on the perimeter of a wheel graph W,,.

Proposition 3.11. For a gear graph G, n > 3, yr((Gn)ud) = 4.

Proof. For a gear graph G,,, n > 3 is of the order 2n+1. Let V(G,,) = {vo,...,vn, u1,...,u,}. Since
degg (vo) = n > 3 > e(vg) = 2, no edges formed from vy in (G,)uq. However, since deg(v;) = 3,
there are n — 2 edges incident on any vertex v; and since deg(u;) = 2, there are 2n — 2 edges incident
on any vertex u; in (Gyp)uq. Then, deg v;) = n — 2, deg(u;) = 2n — 2 and deg(vg) = n in (G,)ud-
Then, in Roman domination, assign the value two to any u; vertex, that is f(u;) = 2, there are 2n —2
edges incident on any vertex u; in (Gp).q. We can assign a zero value to all these vertices. Note
that two v; vertices are not adjacent to w;, which are adjacent in the gear graph. Assign value one
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to these two vertices. Then, after summation, the least value of w(f) = > ,cy f(v) =2+1+1=4.
Hence, Yr((Gp)ud) = 4. O

A web graph, denoted by Wb ,, n > 3 is the graph obtained by attaching a pendant edge to each
vertex of the outer cycle (or rim) of the closed helm graph C'Hj ,,.

Proposition 3.12. For a web graph Wby ,,, n > 3, yr((Wb1n)ua) = 2.

Proof. The web graph Wby, n > 3, is of the order 3n + 1. Let

V(Wbl,n,> = {’Uo, V1,02, ...,Un-1,Un, U, U2, U3, ..., Un, W1, W2, W3, ... )wn}

pendant vertices

Then, by Definition dega, (w.) = 3 de8q () = M dega, w) = 1 degq (v, = N Let
the functions f : V. — {0,1,2} on a graph induce an ordered partition (Vp, Vi, Va) of the vertex
set, where V; = {v € V|f(v) = i};4 = 0,1,2. Then, in view of Proposition [2.4] assign f(w;) = 2,
any of the vertices, and all other 3n adjacent vertices of values zero. Then, the least value of
w(f) = X uwev f() + fu) + f(w) = 2. Hence, yr(Wbin)ua) = 2. O

A flower graph, Fi,, n > 3 is a graph obtained from a helm graph H; , by joining each of its
pendant vertices u;’s to its central vertex vyg.

Proposition 3.13. For a flower graph Fy,,, n > 3, yR((F1n)ud) = 4.

Proof. Consider a flower graph Fy ,, , n > 3, is of the order 2n+1. Let V(F1,,) = {vo, ..., Un, U1, ..., Up}.
In view of Deﬁnition degp, (vo) =n > e(vp) = 2, no edges incident at vg. That is, deg(vg) = 0 in
(F1n)ud, in Roman domination, assign f(vg) = 1. However, since deg(u;) = 2 in F} ,, each u; forms
the edge with the distance of two or more vertices from u;. Then, by Definition the n vertices
U1, Uz, . . ., Uy are adjacent with 2n —2 vertices that are, deg(u,) = 2n—2 in (F} p)uqd, assign vertex u;
as value two, that is, f(u;) = 2, and 2n — 2 adjacent vertices assign the value zero. Now in (F} ;,)ud,
only one vertex v; is non-assigned the value, that v; is adjacent in u; in the flower graph. Then, vertex
v; assign the value one, f(v;) = 1. Then, the least value of w(f) = >, ey f(v) + f(u) =2+ 1+ 1.
Hence, Y((Fin)ud) = 4 0

The sunflower graph, denoted by SF,, n > 3 is obtained from the wheel W; , by attaching n
vertices u;, 1 < ¢ < n such that each u; is adjacent to v; and v;11 and count the suffix is taken modulo
n.

Proposition 3.14. For a sunflower graph SFy,, n > 3, Yr((SF1n)ud) = 4.

Proof. The sunflower graph SF} ,, , n > 3, is of the order 2n+1. Let V(SF1 ) = {vo, ..., Un, w1, ..., Uy}
as mentioned in the definition. By Definition [I.1] in the center vertex vy is adjacent with all u; that
is deg(vp) = nin (SF1 p)ud and vy, va,vs . .. v, are adjacent with n— 2 vertices hence, deg(v,) =n—2
in (SF1n)ud. Also, the n vertices uy, ug,. .., u, are adjacent with all other 2n — 2 vertices that are
deg(un) = 2n — 2 in (SFip)ud, all u, vertices are adjacent each other. In Roman domination, assign
any vertex u; as value two, that is, f(u;) = 2, and 2n — 2 adjacent vertices assign the value zero.
Now, in (SFip)ud, two vertices v; is non-assigned the value, that vertices v; is adjacent in u; in the
sunflower graph. Then, these vertices v; assign the value one, f(v;) = 1. Then, the least value of

w(f) =>pev f(v) =2+ 1+ 1. Hence, yr((SF1n)ud) = 4. O
An illustration to Proposition [3.14]is given in Figure [4]

A closed sunflower graph C'SF ,, is obtained by adding the edge u;u;41 of the sunflower graph.
Proposition 3.15. For a closed sunflower graph CSFy,, n > 3,
2n+1  ifn <8§;
n—+7 if 9 <n <12

n+6 if n=13;
n+5 ifn>14.

’YR((CSFl,n)ud) =



3 Roman Domination Number of Upper Deg-centric Graphs 53

(a) SF1,4 (b) (SF174)ud

Flg 4 ’)’R((SFlA)ud) =4.

Proof. The closed sunflower graph C'SF} ,,,n > 3, is clearly of the order 2n + 1. Let V(CSF,,) =
{vo,v1,V2, ..., Up, U1, Usg, ..., Up}, deg(vg) = n,deg(v;) = 5 and deg(u;) = 4. Let the functions f :
V — {0,1,2} on a graph induce an ordered partition (Vp, V1, V2) of the vertex set, where V; = {v €
Vif(v) =1i};1=0,1,2. In CHypn, n <7, clearly (CSF} ;,)uq is disconnected and is the empty graph
Konti1. That is, yvr((CSF1 n)ua) = 2n+ 1. If n =8, clearly (CSF g)uq is a disjoint union of four ko
and eight isolated vertices. That is, yr((C'SF1 8)ua) = 2n + 1.

If 9 < n <12, degg,,(v0) = 0, degg, ,(vn) = 0, then the Roman domination assign f(v;) = 1
for these n + 1 vertices. Also, degq,,(un,) = n — 7 for all n vertices, consecutively labeled these n
vertices uy, ug, us, ..., u,. Then, assign f(u;) = 2, then vertex u; adjacent to n — 7 vertices of uj,
that assign the values zero that is,f(u;) = 0. Then assign the values f(u4) = 2, f(uz) = 1, f(us) =1
and, all other u; vertices f(u;) = 0. Then, after summation, the least value of w(f) = > ,cv f(v) =
n+1+2+2+1+1=n+7. Hence, yr((CSFin)ua) =n+ 7.

Similarly, if » = 13, then the Roman domination assign f(v;) = 1 for these n + 1 vertices.
degg, ,(un) = 6 for all thirteen vertices, consecutively labeled these thirteen vertices uy, ug, us, . . . , u13.

Then, assign f(u1) = 2, then vertex u; adjacent to six vertices {us, ug, ur, ug, ug, uig} of uy, that assign
the values zero. Then assign the value f(u7) = 2, that is [§] vertex and, all six adjacent vertices

{us, ug, uy,u13, ui2, u11} of uz assign value zero. Then, the remaining vertex uy, assigns the value of
one; then, after summation, the least value of w(f) = > ,cyy f(v) =13 +1+2+2+ 1 = 19. Hence,
'YR((CSFLlS)ud) =n-+ 0.

If n > 14, degg,,(vo) = 0, degg, ,(vn) = 0, then the Roman domination assign f(v;) = 1 for
these n+ 1 vertices. Also, degg, (,,) = n — 7 for all n vertices, consecutively labeled these n vertices

U1, U, U3, - . ., Up. Then, assign f(uq) = 2, then vertex u; adjacent to n — 7 vertices of uy, that assign
the values zero that is,f(u;) = 0. Then assign the value two to the [5]th vertex u; f(uz1) = 2, all

other u; adjacent vertices f(u;) = 0. That is, we assign f(v1) =2 and f(ufz1) = 2, all other vertices

can assign value zero. Then, after summation, the least value of w(f) => ey f(v) =n+14+2+2 =
n + 5. Hence, yr((CSF1 p)ud) =n + 5. O

A blossom graph, denoted by Bl ,, is obtained by making each u; adjacent to the central vertex
of the closed sunflower graph.

Proposition 3.16. For a blossom graph Bly ,,, n > 3, Yr((Blin)ud) = 2n+ 1.

Proof. In view of Lemma [2.1 the upper deg-centric graph of a Blossom graph Bly,, n > 3 is the
empty graph Ko,,1. Then direct consequence of Lemma , YrR((Blin)ud) = 2n + 1. O
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A sunlet graph , denoted by Sl,, n > 3, is a graph obtained by attaching a pendant vertex to
every vertex of a cycle graph c,, n > 3. In other words, a sunlet graph on 2n vertices is obtained by
taking the corona product C,, o Kj.

Proposition 3.17. For a sunlet graph Sl,, n > 3, yr((Slp)ud) = 2.

Proof. For a sunlet graph Sl,, n > 3. The sunlet graph is of the order 2n. Let V(Sl,) =
{v1,v2,...,0p, ui,ug,...,u, }. Since all u; are pendant vertices, each u; forms the edge w;v;.
—_——

pendant vertices
In view of Definition [I.T], the n pendant vertices uy, us,...,u, are adjacent to all other 2n — 1 ver-
tices that is deg(uy,) = 2n — 1 in (S1,,)uq. Let the functions f : V' — {0,1,2} on a graph induce an
ordered partition (Vp, V4, V2) of the vertex set, where V; = {v € V|f(v) = i};i = 0,1,2. Then, in
view of Proposition , assign f(u;) = 2, any of the vertices, and all other 2n — 1 adjacent vertices
of values zero. Then, the least value of w(f) =X,y f(v) = 2. Hence, yr((S,)ua) = 2. O

A djembe graph, denoted by Dy ,, is obtained by joining the vertices ujs; 1 < i < n of a closed
helm graph C'H,, to its central vertex vy.

Proposition 3.18. For a upper deg-centric graph of a djembe graph (D1 p)ud, 7 > 3,
Yr((D1,n)ua) = 2n + 1.

Proof. In view of Definition the upper deg-centric graph of a graph (D1 ,)ud, 7 > 3, is the empty
graph Ko,,1. Then direct consequence of Lemma YR((D1n)ua) = 2n + 1. O
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