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Regular Polyak-Łojasiewicz functions
are essentially strongly convex when
their minimizing set is bounded
Aziz Ben Nejma

Abstract

The Polyak-Łojasiewicz (PŁ) inequality extends the favorable optimization properties of strongly convex functions to a
broader class of functions. In this paper, we prove a theorem (also obtained by Criscitiello, Rebjock and Boumal in an
earlier blog post) showing that the richness of the class of PŁ functions is rooted in the case of an unbounded set of
minimizers since sufficient regularity and a bounded set of minimzers forces them to be essentially strongly convex. More
precisely, if f is a C2 PŁ function having a bounded set of minimizers, then it has a unique minimizer. We show that this
implies a result of Asplund on properties of the squared distance function, and discuss some consequences on smoothness
assumptions in results in the literature.
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1 Introduction

Let f denote a C2 function defined on Rn, the function f is said to satisfy a Polyak-Łojasiewicz
inequality (or equivalently to be PŁ) if there exists a positive constant C such that

∥∇f∥2 ≥ C(f − inff).

The Polyak-Łojasiewicz inequality is implied by strong convexity, and although being a significantly
weaker condition, it is as handy when establishing the convergence of gradient descent. More precisely,
the function f satisfies a Polyak-Łojasiewicz inequality with constant C if and only if

f(yt) − inf f ≤ e−Ct(f(y0) − inf f)

where (yt)t≥0 is the gradient flow starting from y0 ∈ Rd, defined by ẏt = −∇f(yt) (see, e.g., [CS24,
Proposition 5] for a proof). This fact was first observed by Polyak [Pol63]. And while being weaker
than most assumptions that guarantee linear convergence for several optimization methods, Polyak-
Łojasiewicz inequalities still yield the same convergence bounds for continuous as well as discrete
optimization methods in the nonconvex setting [Pol63, AB09, ABS13, KNS16]. These inequalities,
or local versions of them, are easily satisfied and cover a wider range of functions when compared to
strong convexity : they do not only hold in convex settings, in fact, Łojasiewicz then Kurdyka [Łoj63,
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2 Main result 68

Kur98] showed Łojasiewicz inequalities in o-minimal structures which include analytic and subanalytic
functions and these functions therefore satisfy PŁ-type inequalities around their minimizers, i.e.

∥∇f(x)∥q ≥ C(f(x) − min
Rn

f)

for some q > 1 and for x close enough to argmin(f).
Moreover, Polyak-Łojasiewicz inequalities and most of their properties extend to nonsmooth set-

tings through limiting subdifferentials (we refer to [Gar23] for a thorough exposition) or using the
framework of gradient flows in metric spaces. As a result, the Polyak-Łojasiewicz inequality became
a standard assumption in many problems (see, for example, [VBS19] or [CS24]) and an object of
study in its own right.

A significant and prototypical class of PŁ functions of interest to us consists of functions of the
form

x 7−→ dist2(x, F )
where F ⊆ Rd is any convex set and dist is the usual distance function. When F is not convex,
dist2(·, F ) is still PŁ, for a suitable nonsmooth analogue of the PŁ condition. A more general version
of this statement can be found, for instance, in [Gar23].
Finally, it is worth emphasizing that unlike strict convexity or γ-strong convexity for a given γ > 0,
which have a local description, the PŁ condition with constant C > 0 is defined as a global property,
which may involve additional subtleties.

2 Main result

The main result of the present paper describes the possible sets of minimizers of a C2 Polyak-
Łojasiewicz function. In many respects, C1,1

loc and C2 functions behave almost identically. For instance,
C1,1 functions are twice differentiable almost everywhere. However, C2 Polyak-Łojasiewicz functions
are characterized by a surprising rigidity in their optimization landscape. Here is the main theorem.
Theorem 2.1. Let f ∈ C2(Rn) and assume that f satisfies a Polyak-Łojasiewicz inequality and that
argmin(f) is a bounded set. Then argmin(f) consists of a single element.
Remark 2.2. After the initial public posting of this paper, we became aware that the result of Theorem
2.1 had previously been established in a blog post by Criscitiello, Rebjock and Boumal [CRB25] based
on earlier work [RB25], with a proof similar to ours.
Remark 2.3. Noting that the Hessian of a C2 PŁ function is positive definite at a unique minimizer,
Theorem 2.1 can therefore be restated as follows :
Let f ∈ C2(Rn) and assume that f satisfies a Polyak-Łojasiewicz inequality and that argmin(f) is a
bounded set. Then there exists an open convex set Ω containing argmin(f) such that f|Ω is a strongly
convex function.
Remark 2.4. The condition f ∈ C2(Rn) is essential in Theorem 2.1. Take

f : x ∈ R 7−→ 1
2dist(x, [0, 1])2.

In this case, it holds that f ∈ C1,1
loc (Rn) and that it satisfies a global PŁ inequality yet the set of its

critical points is compact without being a singleton.
Remark 2.5. Theorem 2.1 does not assume that argmin(f) ̸= ∅. In fact, for all PŁ functions f ∈
C1,1

loc (Rd), it holds that argminf ̸= ∅. This can be seen as a consequence of Theorem 4.12, as gradient
flow trajectories of PŁ functions have finite length.
Remark 2.6. The compactness of argmin(f) is also essential. In fact, any positive semidefinite
quadratic form is a smooth PŁ function, yet the set of its minimizers is a linear subspace of Rn.
More generally, let f be a PŁ function defined on Rm. We can define the function

f̃ : (x, x′) ∈ Rm × Rk 7−→ f(x).
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The new function f̃ has same regularity as f and satisfies a PŁ inequality with same constant,
however, argmin(f̃) = argmin(f) × Rk.

As already recalled, one important class of PŁ functions consists of all functions of the form
x 7−→ dist(x, F )2, where F is a (closed) subset of Rn. Theorem 2.9 implies that despite all these
functions being PŁ (in the nonsmooth sense), the only ones being C2 are those such that the set of
their minimizers F is an affine subspace of Rn. Having that in mind (along with Theorem 2.1 and
the previous example), it may be tempting to think that the set of minimizers of a C2 PŁ function
is an affine subspace of Rn, but as one would reasonably expect, this is not true !
Take any function g ∈ C2(Rn) and define

f : (x, y) ∈ Rn × R 7−→ (y − g(x))2.

The function f is C2 (it can be made arbitrarily smooth) and satisfies a PŁ inequality. However, in
general, argmin(f) is not an affine subspace.
Remark 2.7. There is no single general reason why PŁ functions almost always fail to be C2. For
instance, in the case of dist(., [0, 1])2, the issue lies on the boundary of the minimizing set, whereas
in the case of dist(.,S1)2, the issue lies far from the minimizing set, being the non-differentiability at
0. Another obstruction in the last example is the non-contractibility of S1 (see Lemma 3.1).
Remark 2.8. The use of the word essentially in the title is intended in the sense of topology, not in
that of optimization. In particular, Theorem 2.1 does not relate global optimization properties of
C2 PŁ functions to those of strongly convex functions as it only provides local information around
minimizers. Instead, it shows that these functions are similar in the sense that their level sets share
the same topological properties.

As a corollary, we recover a classical result of Asplund [Asp69, PRT00, Thi23] on the connection
between the regularity of a closed subset of Rn and the regularity of the distance function to it. More
precisely,
Theorem 2.9. Let F be any closed subset of Rn. Then

1. If dF : x 7→ dist2(x, F ) is C1,1
loc , then F is convex.

2. If dF : x 7→ dist2(x, F ) is C2, then F is an affine subspace of Rn.

To our best knowledge, although several optimization methods have been thoroughly investigated
under a Polyak-Łojasiewicz condition, the topological properties of level sets of PŁ functions and in
particular properties of their minimal sets have only recently been studied [CRB25, BCR26]. Yet,
several theorems require assumptions on PŁ or locally PŁ functions’ minimizers topology like con-
nectedness, or being a discrete set. This has often led to unnecessary assumptions such as uniqueness
of a minimizer of a smooth proper PŁ function in [CS24].
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3 Outline of Proof of Theorem 2.1

In the sequel, f denotes a C2 function defined on Rn and satisfying a Polyak-Łojasiewicz inequality
with constant C, i.e.

∥∇f∥2 ≥ C(f − inf(f)).
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Without loss of generality, we may assume C = 1 and inf(f) = 0.
Let K denote the set of critical points of f , since f is PŁ, K = argmin(f) so that it is supposed
compact, and is nonempty by Remark 4.2.

Proof. The proof of Theorem 2.1 relies on the following lemmas.
Lemma 3.1. K is a contractible set, that is, K has the homotopy type of a point.
Lemma 3.2. K is a closed topological submanifold of Rn, that is, K is a compact submanifold of Rn

with no boundary.
Remark 3.3. The conclusions of lemmas 3.1 and 3.2 (except compactness in Lemma 3.2) remain true
whenever f ∈ C2(Rn) is such that argmin(f) ̸= ∅ and the restriction of f to any compact subset of
Rn satisfies a PŁ inequality, i.e.

∀R > 0 ∃CR > 0 ∀x ∈ Rn
(
∥x∥ < R =⇒ ∥∇f(x)∥2 ≥ CR(f(x) − inf

Rn
f)

)
.

Let us admit for now both of the lemmas above. Then K is a contractible closed manifold. Let
d be its dimension, we claim that d = 0. In fact, for a closed connected d-dimensional manifold M
having dimension d ≥ 1, its dth homology group1 is nontrivial as we have (see for instance [Hat02,
Theorem 3.26])

Hd(M,Z/2Z) ∼= Z/2Z
which cannot hold for a contractible set. Thus, K is a 0-dimensional connected manifold, that is, a
single point.

4 Proof of the lemmas

In order to prove the lemmas, we first recall some useful well-known facts about PŁ functions.

4.1 A few basic facts about PŁ functions

Theorem 4.1. Suppose f ∈ C2(Rn) satisfies ∥∇f∥2 ≥ f and inf f = 0. Let y0 ∈ Rn and y be the
solution of the ODE {

ẏ(t)=−∇f(y(t))
y(0)= y0

then

1. ∀t ≥ 0 f(y(t)) ≤ e−tf(y0).

2.
∫ +∞

0
∥ẏ(t)∥dt ≤ 2

√
f(y0).

3. 4f(y0) ≥ dist(y0, argmin(f))2.

Assertion 1 was already known to Polyak [Pol63], while Assertions 2 and 3 go back to the seminal
work of Otto and Villani [OV00]. The reader is referred to [BDLM08, KNS16, RB25] for a detailed
exposition.
Remark 4.2. Assertion 2 implies that gradient flow trajectories have finite lengths and therefore
argmin(f) ̸= ∅ [BDLM08].

1 The only use of homology and algebraic topology arguments in the paper occurs here. For the reader’s convenience we recall the
necessary facts : given a manifold, one can associate a sequence of abelian groups, the homology groups, denoted H0, H1, . . . . The
homology of a topological space is invariant under homotopy, that is, under continuous deformation of the space.
Moreover, contractible spaces are topological spaces that have the homotopy type of a point. For a contractible space, as for a point,
Hn

∼= {0} for n ≥ 1.
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Proof. We only sketch the proof.
Assertion 1 follows from the Grönwall Lemma since the PŁ condition implies the following in-

equality
d

dt
f(y(t)) = ⟨ẏ(t),∇f(y(t))⟩ = −∥∇f(y(t))∥2 ≤ −f(y(t)).

Assertion 2 also follows from the Grönwall Lemma and the PŁ condition : observe that√
f(y(0)) =

∫ ∞

0
− d

dt

√
f(y(t)) dt =

∫ ∞

0

∥∇f(y(t))∥2

2
√
f(y(t))

dt ≥
∫ ∞

0

∥∇f(y(t))∥
2 dt

≥ 1
2

∫ ∞

0

∥∥∥∥ ddty(t)
∥∥∥∥ dt.

Finally, Assertion 3 follows from 2 : indeed, for t > 0,

2
√
f(y(0)) ≥

∫ t

0

∥∥∥∥ ddsy(s)
∥∥∥∥ ds ≥

∥∥∥∥∫ t

0

d

ds
y(s) ds

∥∥∥∥ = ∥y0 − y(t)∥ .

Since every accumulation point of y(t) at +∞ is a minimizer of f (by 1), the inequality above yields
the desired conclusion.

In what follows, we keep the same assumptions and notations as in the previous section.

4.2 Proof of Lemma 3.1

Proposition 4.3. For t ≥ 0 and x ∈ Rn, let φ(t, x) be the flow of (−∇f), that is, φ(t, x) is the value
at time t of the the solution of ẏ = −∇f(y) with initial condition y(0) = x. Then φ(t, .) converges
uniformly on compact sets as t → +∞.

Proof. Our proof closely follows [BDLM08]. Since f is C2, φ is well-defined by Cauchy-Lipschitz and
for every t ≥ 0, φ(t, .) is C1. Moreover, Theorem 4.12 states that the curve t 7→ φ(t, x) has finite
length. More precisely, for every x ∈ Rn the following inequality holds.∫ +∞

0

∥∥∥∥ ddtφ(t, x)
∥∥∥∥ dt ≤ 2

√
f(x).

Hence, for every nondecreasing sequence of nonnegative times (tn)n such that tn → +∞, it holds
that

+∞∑
k=0

∥φ(tk+1, x) − φ(tk, x)∥ ≤
+∞∑
k=0

∥∥∥∥∫ tk+1

tk

d

dt
φ(t, x)dt

∥∥∥∥ ≤
∫ +∞

0

∥∥∥∥ ddtφ(t, x)
∥∥∥∥ dt ≤ 2

√
f(x).

Therefore, φ(t, .) converges normally on compact subsets of Rn, which ends the proof.

Now, thanks to Proposition 4.3, we may define φ∞ as the locally uniform limit of the functions
φ(t, .) when t → +∞. Since each φ(t, .) is continuous, φ∞ is also a continuous mapping from Rn

to K. Indeed, φ∞ takes its values in K because of Theorem 4.11. Moreover, since φ(t, x) = x for
all t ≥ 0 and all x ∈ K, the limit function φ∞ : Rn −→ K is a retraction. Since Rn is contractible,
and since retracts of a contractible space are contractible, K is therefore a contractible subset of Rn,
which concludes the proof of Lemma 3.1.

4.3 Proof of Lemma 3.2

In this subsection, we denote by H the Hessian matrix associated to f , that is H = ∇2f . Since
K = argmin(f), H(x) is a positive semidefinite matrix for every x ∈ K. We also denote by B(x, r)
the open ball of radius r centered at x and by S(x, r) the Euclidean sphere of radius r centered at x.
Recall that, by assumption, f ∈ C2(Rn) satisfies a PŁ inequality with constant 1 and K = argminf
is bounded.
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Proposition 4.4. H has constant rank on K and for all x ∈ K, the spectrum of H(x) is contained
in {0} ∪ [1

2 ,+∞).

Proof. Since f satisfies a Polyak-Łojasiewicz inequality with constant C = 1, a Taylor expansion
shows that positive eigenvalues of H(x) lay in the interval [1

2 ,+∞) for every x ∈ K. Indeed, for
x ∈ K, f(x) = 0 and ∇f(x) = 0, therefore, for u ∈ Rn,{

f(x+ tu) = f(x) + ⟨∇f(x), u⟩t+ 1
2⟨H(x)u, u⟩t2 + o(t2) = 1

2⟨H(x)u, u⟩t2 + o(t2)
∇f(x+ tu) = ∇f(x) + tH(x)u+ o(t) = tH(x)u+ o(t)

Writing f(x+tu) ≤ ∥∇f(x+tu)∥2 yields 1
2⟨H(x)u, u⟩ ≤∥H(x)u∥2, which means that the spectrum

of H is contained in {0} ∪ [1
2 ,+∞), as H is positive semidefinite.

Let m ∈ N≥0 denote the minimum rank of H on K. Define E as the set of x ∈ K such that
rank(H(x)) = m. E is therefore a closed subset of K by the lower semicontinuity of the rank.

Moreover, let (xk)k∈N be a sequence of elements of K converging to x ∈ E. By continuity of the
spectrum, the number of eigenvalues of H(xk) in the interval (−1

4 ,
1
4) converges to n−m as k → +∞.

Yet the only eigenvalue H(xk) may have in (−1
4 ,

1
4) is 0. Thus rank(H(xk)) = m for large values of

k. This shows that E is a nonempty closed-open subset of K. Thus E = K since Lemma 3.1 implies
in particular that K is connected.
Proposition 4.5. Let x ∈ K. Let π be the orthogonal projection on Ker(H(x)). Then there exists
r > 0 such that π|K∩B(x,r) is injective.

Proof. Let us denote by A the matrix H(x). For y, z ∈ Rn such that π(y) = π(z), we have

⟨∇f(z) − ∇f(y), z − y⟩ =
∫ 1

0
⟨H

(
(1 − t)y + tz

)
(z − y), z − y⟩dt

=
∫ 1

0
⟨A(z − y), z − y⟩ + ⟨(Ht − A)(z − y), z − y⟩dt

≥ 1
2∥z − y∥2 − sup

t∈[0,1]
∥Ht − A∥op∥z − y∥2

=
(1

2 − sup
t∈[0,1]

∥Ht − A∥op

)
∥z − y∥2

(4.1)

where Ht = H
(
(1 − t)y + tz

)
.

The function f being C2, there exists a positive radius r such that ∥H(y) − A∥op ≤ 1
4 for all

y ∈ B(x, r). Let y, z ∈ B(x, r) ∩ K be such that π(y) = π(z). Since y, z ∈ K, ∇f(y) = ∇f(z) = 0.
By the inequality in (4.1), since π(y) = π(z), we have 0 ≥ (1

2 − 1
4)∥y−z∥2, hence y = z and π|K∩B(x,r)

is injective.

Proposition 4.6. Let x ∈ K and r > 0. Then π
(
K ∩ B(x, r)

)
contains a neighborhood of π(x) in

Ker(H(x)), where π is the orthogonal projection on Ker(H(x)).

Proof. We may assume, by taking a smaller r if necessary, that π|K∩B(x,r) is injective and that

∥H(z) −H(x)∥op ≤ 1
4 for all z ∈ B(x, r) ∩K. Let v be an element of Ker(H(z))⊥ ∩ Ker(H(x)) where

z ∈ K. It holds that
∥v∥
2 ≤ ∥H(z)v∥ ≤ ∥H(x)v∥ + ∥v∥

4 = ∥v∥
4

where, in the first inequality, we used that the spectrum of H(z) is contained in {0} ∪ [1
2 ,+∞) (see

Proposition 4.4). Therefore, v = 0 and Ker(H(z))⊥ ⊕ Ker(H(x)) = Rn since H(x) and H(z) have
the same rank by Proposition 4.4.
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Since π|K∩B(x,r) is injective, π(x) /∈ π
(
K ∩ S(x, r)

)
and there exists therefore a positive radius

r′ < r such that π
(
K ∩ S(x, r)

)
∩B(π(x), r′) = ∅.

Assume, for the sake of contradiction, that there is no such neighborhood of π(x) as in the
statement of the proposition. Let a be a point ofB(π(x), r′

8 )∩Ker(H(x)) such that a /∈ π
(
K∩B(x, r)

)
.

Since π
(
K ∩B(x, r)

)
is closed, there is a smallest δ > 0 such that S(a, δ) ∩π

(
K ∩B(x, r)

)
̸= ∅

(
and

δ ≤ r′

8
)
.

Let z ∈ B(x, r) ∩ K such that π(z) ∈ S(a, δ). By definition of r′, z ∈ B(x, r). Let v = π(z) − a.
Then there exists u ∈ Ker(H(z)) such that ⟨u, v⟩ ≠ 0. In fact, since v ∈ Ker(H(x)),

v⊥ ∩ Ker(H(z)) =
(
Span(v) ⊕ Ker(H(z))⊥

)⊥

and this subspace has dimension

n− 1 − rank(H(z)) < n− rank(H(z)) = dim(Ker(H(z))).

Finally, observe that the growth condition (Theorem 4.13) and a Taylor expansion of f at z imply
that

dist(z + tu,K)2 ≤ 1
4f(z + tu) = o(t2).

Therefore, for every t ∈ R, there exists a critical point kt ∈ K such that ∥kt − z − tu∥ = o(t), that
is, kt = z + tu+ o(t). Now, write

∥π(kt) − a∥2 = ∥π(z) − a+ tπ(u) + o(t)∥2

= ∥π(z) − a∥2 + 2t⟨π(u), π(z) − a⟩ + o(t)
= ∥π(z) − a∥2 + 2t⟨u, π(z) − a⟩ + o(t)
< δ2 for a chosen sign of t with |t| arbitrarily small.

The inequality above contradicts the minimality of δ. Hence, π
(
K ∩ B(x, r)

)
contains a neigh-

borhood of π(x) in Ker(H(x)).

Combining Proposition 4.5 and Proposition 4.6 shows that every point of K has a neighborhood
that is homeomorphic to the open unit ball of Rn−m where m is the rank of the matrix H at any
point of K, therefore K is indeed a closed manifold.
Remark 4.7. It is natural to ask whether Theorem 2.1 remains valid if we assume f to satisfy a PŁ
inequality only locally, for example, on a domain containing argmin(f). The answer is negative. In
fact, the square distance to the sphere f : x 7→ dist2(x,Sn−1) is PŁ and smooth on Rn\{0}, and
f|Rn\B(0, 1

2 ) can be extended to a smooth function on Rn satisfying a PŁ inequality on Rn\B(0, 1
2).

However, Sn−1 = argmin(f), is compact without being a single point. Note that in this case, only
Lemma 3.1 fails while Lemma 3.2 remains valid under a local PŁ assumption near the minimizers.
Finally, the result of Theorem 2.1 remains valid if we assume that f satisfies a PŁ inequality on a
contractible domain that is stable under the flow φ(t, .), the proof being exactly the same.

5 Additional results on the gradient flows of general PŁ functions

The purpose of this section is to investigate another aspect of regularity of a C2 PŁ functions, even
when their minimizing set is unbounded. We keep the same notations but we do not suppose anymore
that argmin(f) is compact, so that it is an embedded submanifold of Rn by Remark 3.3. We still
assume without loss of generality that min(f) = 0 and that f satisfies a PŁ inequality with constant
1. We also assume that dim(argmin(f)) < n since dim(argmin(f)) = n corresponds to the case where
f is constant (argmin(f) would be a nonempty closed-open subset of Rn).
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Theorem 5.1. Let x ∈ argmin(f), then {x} ⊊ φ−1
∞ ({x}).

Proof. We will prove that φ∞
(
Rn\argmin(f)

)
= argmin(f).

Let x ∈ argmin(f), Let B be a ball centered at x and S its boundary. Let y ∈ B\argmin(f), we
claim that y ∈ φ([0,+∞) × S). In fact, denoting by ψ the flow of ∇f , the curve of ψ(t, y) intersects
S for some t0 ≥ 0 since f(ψ(t, y)) → +∞ as t → +∞ (f has no critical points except its minimizers).
Therefore, we have y ∈ φ([0,+∞) × S).

Moreover, Theorem 4.12 implies that ∥φ∞(y) − y∥ ≤ 2
√
f(y). Therefore,

dist(x, φ∞(S)) ≤ ∥x− φ∞(y)∥ ≤ ∥x− y∥ + 2
√
f(y).

Since dim(argmin(f)) < n, we can take the limit as y → x and deduce that

dist(x, φ∞(S)) = 0.

The sphere S being compact and φ∞ being continuous, φ∞(S) is closed, hence x ∈ φ∞(S).

6 Regularity of distance functions

In this section, we recover some well-known results on the regularity of distance functions, taking
advantage from the PŁ framework as we prove Theorem 2.9, originally due to Asplund [Asp69].

Whenever F is a closed subset of Rn, we define dF : x 7→ 1
2dist2(x, F ) to be (half of) the square

distance to F function and we denote by projF the projection on F , such that for all x ∈ Rn, projF (x)
is the set of points in F that have minimal distance to x.

If projF (x) is a single point for every x, we shall write by abuse of notation projF (x) = y where
y ∈ Rn is such that {y} = projF (x). We finally recall the following fact:

Lemma 6.1. ([Gar23, Lemma 7]) Let F be a closed subset of Rn, and suppose dF is C1, then
projF (x) is a single point for every x ∈ Rn and ∇dF (x) = x− projF (x).

Observe that the above result directly implies that dF satisfies a PŁ inequality with constant 2,
as for all x ∈ Rn, dF (x) = 1

2∥x− projF (x)∥2 = 1
2∥∇dF (x)∥2.

In order to prove Theorem 2.9, we fix a closed subset F ⊆ Rn such that dF is C1,1
loc . We denote by

φ the flow of −∇dF defined as in the previous sections, which is well-defined by the Cauchy-Lipschitz
theorem. The proof relies on the following lemma.
Lemma 6.2. φ(t, x) = projF (x) + e−t(x− projF (x)) and projF (φ(t, x)) = projF (x) for all t ≥ 0 and
x ∈ Rn . In particular, φ(t, x) varies along the segment from x to projF (x).

Proof. Let x ∈ R, let x∞ = projF (x) and γt = x∞ + e−t(x − x∞). It is immediate to check that
γ0 = x and that

d

dt
γt = d

dt

[
x∞ + e−t(x− x∞)

]
= −e−t(x− x∞) = −(γt − x∞).

Moreover, let t ≥ 0 and z = projF (γt), it holds that

∥x− x∞∥ = ∥x− γt∥ + ∥γt − x∞∥ ≥ ∥x− γt∥ + ∥γt − z∥ ≥ ∥x− z∥.

Hence z = x∞ by uniqueness of projF (x). But then, γt satisfies d
dtγt = −∇dF (γt) and therefore

φ(t, x) = γt.
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Note that Lemma 6.2 implies that for every x ∈ Rn, projF (x∞ + s(x − x∞)) = x∞ for all
s ≥ 0, where x∞ = projF (x). In fact, let ψ(t, x) the flow of ∇dF , so that for all t ≥ 0 and all
x ∈ Rn, φ(t, ψ(t, x)) = x. Applying Lemma 6.2, we obtain ψ(t, x) = x∞ + et(x − x∞) and that
projF (ψ(t, x)) = x∞. As a result, for all s ≥ 1 projF (x∞ + s(x− x∞)) = x∞.
If 0 ≤ s ≤ 1, then Lemma 6.2 already guarantees the previous equality.

We are now ready to prove Theorem 2.9.

6.1 Proof of Theorem 2.9

Assume dF is C1,1. Let y ∈ F , x /∈ F and x∞ = projF (x). By the above argument, for all s ≥ 0

∥x∞ + s(x− x∞) − x∞∥2 ≤ ∥x∞ + s(x− x∞) − y∥2,

which can be rearranged as

0 ≤ 2s⟨x− x∞, x∞ − y⟩ + ∥x∞ − y∥2,

yielding ⟨x − x∞, y − x∞⟩ ≤ 0. Since y is arbitrary, we have shown that every point x /∈ F can be
separated from F by an affine hyperplane. It follows that F is convex. Moreover, if dF is C2 then F
is a convex subset of Rn that is a manifold without boundary by Lemma 3.2. Since it is closed, F is
an affine subspace of Rn.

Conversely, when F is convex, let x ∈ Rn and x∞ = projF (x). For h ∈ Rn we have

dF (x+ h) ≤ 1
2∥x+ h− x∞∥2 = dF (x) + ⟨x− x∞, h⟩ + 1

2∥h∥2. (6.1)

Moreover, defining ph ∈ F by ph = projF (x + h) where projF denotes the orthogonal projection on
F and observing that ph = x∞ + o(1) when h → 0 yields

dF (x) ≥ 1
2∥x− ph∥2 = 1

2∥x+ h− ph − h∥2 = dF (x+ h) − ⟨x+ h− ph, h⟩ + 1
2∥h∥2

= dF (x+ h) − ⟨x− x∞, h⟩ + o(∥h∥). (6.2)

Combining (6.1) and (6.2) implies that

dF (x+ h) − dF (x) − ⟨x− x∞, h⟩ = o(∥h∥).

Hence dF is differentiable and ∇dF (x) = x − x∞ = x − projF (x). It remains to show that projF is
Lipschitz to conclude the proof. For x, y ∈ Rn, and defining x∞ = projF (x) and y∞ = projF (y), we
have

⟨x− x∞, y∞ − x∞⟩ ≤ 0 and ⟨y − y∞, x∞ − y∞⟩ ≤ 0
from which it follows that

⟨(x− x∞) − (y − y∞), x∞ − y∞⟩ ≥ 0.
Therefore,

∥x− y∥2 = ∥(x− x∞) − (y − y∞) + (x∞ − y∞)∥2

= ∥x∞ − y∞∥2 + ∥(x− x∞) − (y − y∞)∥2 + 2⟨(x− x∞) − (y − y∞), x∞ − y∞⟩
≥ ∥x∞ − y∞∥2.

Thus, projF is Lipschitz and the proof is complete.
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